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ON HODGE’S THEORY OF HARMONIC INTEGRALS 


By HerMANN WEYL 
(Received June 4, 1942) 


The attempt which W. V. D. Hodge made in Chapter III of his beautiful 
book’ to establish the existence of harmonic integrals with preassigned periods has 
not been entirely successful because the proof is partly based on a false state- 
ment (p. 136) concerning the behavior of the solution of a non-homogeneous 
integral equation when the spectrum parameter approaches an eigen value. In 
a Princeton seminar on the subject, H. F. Bohnenblust pointed out that counter 
examples are readily available even for linear equations with a finite number of 
unknowns. For instance the equation \x + Ax = c with 


a-( 9) «=() =-@ 


is solvable for \ = 0 (a arbitrary, x2 = 1) and yet the solution for \ ¥ 0, 
w= 1/d, t= 0 


does not tend to a limit with A -> 0. 

In his book Hodge uses the parametrix method first developed for a single 
elliptic differential equation by E. E. Levi and D. Hilbert.” Building on the 
formal foundations laid by Hodge, I will show here how the argument can be 
made conclusive. Hilbert’s procedure served me as a model. 

Let n be the dimensionality of our Riemannian manifold. I denote by 
*u, Du the dual form and the derivative of any (linear differential) form u and 
use the abbreviation A for the operator D*D.* For two forms u, v of rank 
p,n — p respectively (v, uw) designates the integral of the product v-u over the 
whole manifold. (*u, u) is positive unless u = 0. An immediate consequence is 

LemMA I. Au = 0 implies Du = 0. 

Indeed (D*Du, u) = 0 leads to (*Du, Du) = 0, hence Du = 0. 

In the following, f, u, ¢, 7 are forms of rank p and g, v, Y, ¢ forms of rank n — p. 





' The Theory and Applications of Harmonic Integrals, Cambridge, 1941. See also Proc. 
London Math. Soc. (2) 41, 1936, pp. 483-496 where Hodge ascribes the idea of using Hitbert’s 
parametrix method to H. Kneser. I find it hard to judge whether a previous proof along 
different lines (Proc. London Math. Soc. (2) 38, 1933, p. 72) is complete, or rather how much 
effort is needed to make it complete. For the Euclidean case, see W. V. D. Hodge, Proc. 
London Math. Soe. (2) 36, 1932, p. 257, and H. Weyl, Duke Math. Jour. 7, 1940, pp. 411-444. 

? E. E. Levi, Memorie della Societa italiana delle Scienze, Ser. 3*, Tom. 16, 1909; 
D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, Leipzig, 
1912, pp. 223-231. 

* The author intended *u, the printer evidently disliked it and replaced it by *u. Ifa 
standardized notation in the theory of linear differential forms is adopted the author 
would recommend to follow him and not the printer. 
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The rank p is fixed; no induction with respect to p takes place. The goal is to 
prove the following 
THEOREM I. For any given null form g, g ~ 0, the equation 
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(1) Au =g9 
; 8) 
has a solution u. 3 
I copy Hodge’s two basic formulas (3) and (4) on pp. 132, 133 of his book, het 
replacing p — 1 by p and using the abbreviation 1/y = (—1)""(n — 2)a,. 
Let K be the operator with the kernel y-K,(z, y) which carries any form u(z) 
into y / K,(x, y):u(y), and K’ its transpose. The “parametrix”’ operators a 
¥ 
Q, P with the kernels y-w,(z, y) and y-w _1(x, y) are symmetric, ' 
of - 
(Qv, 9) = (Qo, v). 
g a 
Finally, I set DPD = If. Hodge’s formulas read 
(2) Ku — u = QAu + (-1)"II*u, for 
(2’) K’v — v = AQv + (-1)"*Ilv. (4) 
The solutions of the equations Thi 
Ku -—u=0, Kv —v=0 con 
: L 
will be called the eigen forms of the kernels K and K’ (scilicet “for the eigen I 
value 1”). We try to solve our problem by means of the non-homogeneous 
integral equation suggested by (2), 
(E) Ku — u = Qo. bees 
; , v is 
It is essential to study this equation not only for null forms but in a wider set §; by « 
the success of the method depends on the proper choice of that linear space 9. 
Here is my definition: 
g belongs to § whenever PDg is closed, The 
DPDg = Ug = 0. eige 
Every form of the type (5) 
. f = Iw (v arbitrary) of w 
T 
is said to belong to F. Evidently % contains all closed forms g whereas all ele- 
ments f of fare null forms. ‘and G are orthogonal: 
LemMa ll. (g,f) = Oforg e%,f eS. for e 
Indeed, if PDg is closed, then 6) 
(PDg, Dv) = 0 = (Dg, PDv), cau 
4 
an equation which may at once be changed into . 






(g, DPDv) = 0. 
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I take over Hodge’s Lemma I on p. 142: 
Lemma 1. If y is any eigen form of K’ then Qy is closed. 
For the sake of completeness I repeat the simple proof. Equation (2’) yields 


for = Qy: 

(3) At = (—1)" “*Ily, 

hence D*Aé = D*D*DE = O and then by double application of Lemma I,* 
D*Dé = 0, Dé = 0. 


Incidentally we learn from (3) and the intermediate equation AE = O that 
Illy = 0, or that the eigen forms y of K’ lie in G. 

We analyze the eigen forms of K and K’ as follows. Within the linear space 
of all eigen forms ¢ of K we consider the subspace f of the closed eigen forms 
gy and choose our basis 

Yl, °*** Ply, Gi, *** > Om 
for all eigen forms accordingly, i.e. gi: , --- , ¢: span f. Equation (2) yields 
(4) QAg = (—1)""TI*g. 


This proves on the one hand that each closed eigen form ¢ of K satisfies the 
condition II*» = 0, 

LEMMA Iv. *g €% for every ¢ e€ f. 

It shows on the other hand that ¥ = Ag satisfies the conditions 


AQY = 0, lly = 0 


because the operators AII and IIA annihilate. It then follows from (2’) that 
y is an eigen form of K’. The m forms Dg, , --- , Dem are linearly independent 
by construction, and hence by Lemma I the same is true for the forms 


Wi = Agi,-:-, Ym = Adm. 


The transposed kernel K’ has the same number / + m of linearly independent 
eigen forms as K. We determine a basis 


(5) Vist Wm} Wi, crs, Wi 


of which the ’s are a part. 
The integral equation (E) is solvable if and only if 


(Q9, ¥) = 0 = G, Q) 


for every eigen form y of K’, or with the notation & = Qy, if 


(6) Qg, &) = 0. 


‘One differentiation may be saved here by applying the formula (Ds, Dt) = 0 holding 
for any two forms s, ¢ with continuous first derivatives of rank p — 1 and n — p — 1 (see 
Wey], l.c.!, p. 426) tos = PDy and t = *Dé with the result (lly, AE) = 0 = (*Aé, AE) whence 
At = 0 = Illy. 
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Let us say that y is of the first kind when € = Qy ce F. The forms ~i, --- , dy 
are of the first kind, on account of the equation (4). We choose our basis (5) 
so that 


Wi, +++, Wm} ¥1,°°° 


span the linear manifold of all eigen forms of K’ of the first kind. By Lemma 
IT the relation (6) holds good for any g ¢ G in case y is of the first kind, and thus 
the m + 1 conditions (6) reduce to the last 1 — v of them, 


(7) (9, Ov, +41) = 0, 7 os (9, QV.) = 0. 


Let % denote the set of those forms g e § which satisfy the conditions (7). We 
have found that under the assumption g €%, the integral equation (E) has a solution u. 
For this solution u we obtain from (2): 


(8) Qg — Au) = (—1)"-Il*u, 
hence AQ(g — Au) = 0. Combining this with Ig — Au) = 0 and applying 
(2’) tov = g — Aw one finds 

g — Au =P = thi +--+ + Emm + ei + +++ + emi 


to be an eigen form of K’. More precisely, because of (8), Qy ¢ SF, y is an eigen 
form of the first kind, which forces ¢,41:,---, ¢, to vanish. Writing w for 
u+ Gd +--+ + Emdm we arrive at the following 

INTERMEDIARY Proposition: For any g €%, there exists a form u and vy con- 
stants c, , +++ , c, such that 


(9) g— Au=emi+--- + cy. 


We know from Lemma IV that the dual form *¢g of any element ¢ of f lies in 
§. That subspace of f the elements ¢ of which satisfy the conditions 


(*¢, QW, +41) = 0, Poe (*o, Qv7) = ( 


is of a dimensionality » = v. Let the basis gi, --- , g: of f be so chosen that 
21, °**,% Span this subspace. From (9) we obtain for the vy unknowns cg the 
linear equations 


=Il,°-°-, : 
(10) > Has*C3 = (9, Ga) (5 — are “) 


>] , 


where 
Haus = (We, Ga): 


I maintain: 
Lemma Vv. || Hag || 2s a non-singular square matriz. 
Once this is established we have reached the goal. For then the » conditions 


(9, Ga) = 0 (a =1,---,») 
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imply ca = 0 whereby (9) reduces to g — Au = 0. In other words, if g «9 
satisfies the relations 


(11) (9, QW41) = 0, hil (9, Qv.) = 0; (9, a1) = 0, 3; +e (9,¢) = 0 


then the equation (1) is solvable. A null form g fulfills all our requirements, 
because the g; and Qy; are closed, the first by construction, the others 
by Lemma III. 

Proor oF LemMMA v. We have found the equations (10) to be solvable if . 
g € Gi ‘. For 


(12) G = Agi + +++ + Aw, 


the integral (*y, ¢) is a positive definite quadratic form of a,,--- ,a,. Hence 
we can determine the coefficients a; in (12) so as to assign arbitrary values b, 
to the integrals 


(*9, Pa) (a al 1, ae h). 


But g = *¢€%,. Hence we see that the equations 


Cts + % ie ities 
have a solution cs for arbitrary b,. In view of u 2 v this statement is equivalent 
to our lemma. 

In proving Theorem I we actually showed that the equation Au = g is solvable 
if g eS satisfies the conditions (11). Hence each such g is a null form, and the 
linear space % is of finite dimensionality < 1 modulo the space of null forms. 
As § contains all closed forms of rank n — p, we find a fortiori that the number 
R’,_, of linearly independent closed forms of rank n — p modulo null is finite 
and </. The conditions (11) are of the type (g, f) = 0 where f runs over certain 
specified closed forms of-rank p. Consider the “inner product” (g, f) of any 
two closed forms g, f of rank n — p and p respectively; the factors matter only 
modulo null. Our proof implies this further fact: 

THEOREM Il. If the inner product (g, f) vanishes for a given closed g and all 
closed f, theng ~ 0. 

It is of course also true that the product cannot vanish for a given closed f 
and all closed g unless f ~ 0. Both facts together give the duality law 


(13) Ran @ Hy. 

Theorem II has nothing to do with any Riemannian metric. de Rham’s 
second theorem follows at once from it by means of the expression of the product 
(9, f) in terms of the periods of g and f (Hodge, p. 85, last line), but it is essentially 
simpler since it deals with closed forms only, and not with forms and cycles. 
Its proof on an arbitrary manifold should be correspondingly easier. 
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The following proposition is equivalent to Theorem I for the rank p — 1 
instead of p: 

THEOREM 111. For any form f there exists a uniquely determined n ~ f such 
that *n is closed. If f be closed, then n is harmonic. 

Indeed, set f = Dt + 7n, t being of rank p — 1. The requirement D*n = 0 
leads to the equation D*Dt = D*f which is solvable by Theorem I. 

The new proposition shows at once that for any rank p the space of closed 
forms modulo null may be identified with the space of harmonic forms. This 
makes the equation (13) particularly lucid because *u is harmonic if u is and 
vice versa. The same proposition provides another proof for Theorem II, 
because one has merely to substitute *y for 3 in order to see that the vanishing 
of the inner product (n, #) of a fixed harmonic form 7 with every harmonic # 
implies 7 = 0. The observation (Hodge, p. 139) that on account of (2) the 
harmonic p-forms are eigen forms of K again proves the inequality R’, sé 

The link with the homology theory of cycles is established by de Rham’s 
first theorem stating that a p-cycle C is homologous zero if the integral of every 
closed p-form f over C vanishes. 


INSTITUTE FOR ADVANCED Stupy, PRINcETON, N. J. 
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MOUTARD-CECH HYPERQUADRICS ASSOCIATED WITH A 
POINT OF A HYPERSURFACE 


By Bucuin-Su 
(Received May 22, 1942) 


The purpose of this paper is to give a new proof of the theorem of Cech! 
concerning the locus of the quadries of Cech of sections produced by certain 
spaces and to generalize, as a consequence of the equation to a Moutard-Cech 
hyperquadric, the notion of Moutard pencils’ to the theory of hypersurfaces. 

Let O be a generic point of a hypersurface V, in a projective space S,4: . 
If O is taken for the origin of coordinates with the tangent hyperplane of V,, at 
0 in non-homogeneous coordinates X’, --- , X"*’ as the coordinate hyperplane 
Xx"*' = 0, then the expansion of V,, at O is of the form 


(1) X"*" = 4H,,.X°X" + bap XXX”? + DHX XXX" + ++, 


where we have made use of the convention that when the same index appears 
as a subscript and superscript in a term this term stands for the sum of the terms 
obtained by giving the index each of its n values 1, 2, --- ,. Without loss of 
generality we may further assume that the coefficients in (1) are symmetrical 
in the subscripts. 

We shall caleulate the fundamental quantities a,;(7, 7 = 1,---, ”) of the 
fundamental form F2 of Fubini.’ Putting 


, Ox ax 


Der AX dxX = ( axi rtioaai ax éx) 


° r0 i ly 
for homogeneous coordinates with X° = 1, and noticing that 


i 
oxi 


5; (Q,j = 1,--- ,n), 


we have 

ey" 
~ axrax® 
where (m) denotes all of the terms of order = m in X’,---, X". Thediscriminant 


B of the above form is consequently found to be 


(3) B = H{1 + 2H"K,,,.X° + LerX°X' + (3)}, 


(2) bs Be + MX? + Bia XX’ + @, 


1Cf. G. Fubini and E. Cech, Geometria proiettiva differenziale, vol. II, Bologna (1927), 
p. 618; in the sequel referred to as G. P. D. 

2 For the definition of a Moutard pencil in S; see B. Su and A. Ichida, On certain cones 
connected with a surface in the affine space, Japanese Journal of Mathematics, 10 (1933), 
pp. 209-216. 

3 Cf.G. P. D., p. 608. - 
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where 
(4) Lew = A” Hero + 4? (KeroKupo — KureKepo + KerwKupe — KurwK ope) 


and H is the determinant of H,,, H"’ is the algebraic complementary of H;; in 
H, divided by H and, finally, H' = O if i = j or k = l, and otherwise oe 
the minor formed by striking out the rows and columns in H which contain H ix , 
Hit, Hj, Hj, also divided by H, the sign being +1 or —1 according as the per- 
mutations 7, 7 and the remaining rows in order, and k, / and the remaining col- 
umns in the order 1, 2, --- , are of the same or opposite parity. 

From (3) it follows that 


‘a . 2 
1/(n+2) __ 1/(n+2) A 7p 
Es B =H {1 pag E Kew X 


2(n + 3) OT TyPU TZ id e, )x ¥ rw \ 
+ (Ger3 H H Kove Kow = n + 2 Lew X + (8), 
so that 

Cre = Bou) brs 


(6) = Aint {Hr 4 2( Ku» a 1 


o rs ‘ oTp x?’ ° 
ag inH K ) +} 


Thus we obtain at O 


—1/(n+2) ° 
ad, = H Bee (r,s 


OQrs ie —1/(n+2) 
ax 2H Kyat — 


= 1/(n+2) rs 
= Quem ye 


= 1 OArt + Ost Pa IArs 
~ 2\axe ° axr aX! 


=—% | Ae aad Kes) (r, 2, t, 


1 


i 5 r H” = 
n+ g in - 


a _yer® {k +, 
\ 


a oTr ¥ —_ - 5] 
— 4 Hal K + 3" K | 


1 


- a" Xk 
n+2 


— H"* Kise ini 


oT YT i lp OT 
tr 9s ‘ oTp° 
‘tig * 9H Kerb, + << 5 HK 





The covariant derivatives of X‘ are 


ha ex’ ax’ 
Si ae ~ E 


ax’ ax? re ay! (2 = 0, iF eae + 1). 
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At O we obtained from (7), X° being 1, 
xX. = 
(8) Xero = —T re 
et _ Hs . 


Introduce, as usual, the vector ¥ of components* 


(9) futatealtrle, ¢20606 een 
nN nN 


and calculate the values at O by means of (7) and (8). The result of this com- 
putation is as follows: 


x = 0, 
ii aes 
n-+-2 


aie a Al) 


(10) d x! " | hadi WX. H* (i — 1, tee, n), 





We are in a position to consider the corresponding tangential coordinates 
é'(¢ = 0,1, --- , nm + 1) of Cech given by the minors of order n in the following 
matrix’: 


x x* ee x" yes l 
ax’ 


« DI/(n+2) 
s Bunt) 











or, more precisely, 


42 0X"™ 


( oy - 
a B 1/(n aE 
(11) ’ ax* 


ag _ Bue 


A reference to (1) and (5) gives 


” = 2 
== H athens Sin, Pig (Kir So HigH” Kure) Py ; a + 3} 
(az) * sean: n+2 
(t = 1, trey n). 


‘Cf. G. P. D., p. 611. For clearness of notation the X there utilized is now replaced 
by %. ” 
°Cf. G. P. D., p. 609. 
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so that at O 


a¢" -1/(n+2) ' 
aXt H Ay (¢,0 = 1, -++ , #), 


a’ ¢ ~1(nt2) 1 
Ss Qe ie (Kin set seers MI His H” Ker) 


aX ax: n+2  n+2 
(r,s = 1, +++, %) 


and therefore 


& = api Kirs inal sm ae ee Lee _ Ht” Kore His 
n+ 2 n+2 


(13) 


H” Kori .} (2 


- 5 


If we define, as the dual of ¥, the vector = of components 


a” ¢!, (j = 0,1,:--, 


(14) : 


we have at 0 


(2 


15 
a 4 [20+ 8 per 10H Kg, Kor — HT, 
n+ 2 


whence 


o 4 1/(n+2) {Qn 3 oT u rs rs 
tz =- —-__H an 18 per 7 HK Kos — 4H" Lis. 
(16) S% n(n + 2) \n + 2 ” 


The quadric of Cech of V, at O is given by the equation” 


(17) Dru + (u) SXZ — ay,v’v" = 0 
where the local coordinates \, v',--:, v", w of a point are related to the co- 
ordinates X',---, X”*’ by the following equations: ° 


52 Pes «co 3 FSD 


18 9 9 
- we ht pdt + oo pk + vs - ++ teh + vo k™. 


Substituting (10) and (16) into (17) and reducing by (18), we have the equation 
to the quadric of Cech of V, at O: 


7n+ Co WT 2 uy, 7o yrnt 
x”"" — 3H,,X° X" — ree tall Laws 
om 4 {Ant ; \ 

n oT pu rs | '_ E ad P shee 
+ nin + ,H” H™ H Kor Kou mee em 


‘Cf. @. P. D., p. 616. 





F 
fact 
wit] 


(20) 


the | 
seen 
a hy 


(21) 
The 
(22) 


if an 


name 
(23) 
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(24) 
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is con 
We 
y+] 
it is Ci 
(25) 
so tha 
(26) 
In \ 
V,, pre 
at O | 


(27) 
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From the last equation we can easily demonstrate some known results. In 
fact, consider a hyperquadric Q which has at O a contact of the second order 
with V,. Since the equation of such a quadric Q is expressible in the form 


(20) yee = 4H,,X°X" 4 ara re a(x")? 
the quadrie of Cech given by (19) evidently belongs to this family. It is easily 


seen that the tangents to the intersection of V, and Q drawn from O constitute 
13 . 
a hypercone I’;,1 of the third order 


(21) Fs = (4Kerp — }0,Her)X°X'X’ = 0. 
The latter is apolar to the asymptotic hypercone 
(22) H..X°X" = 0 
if and only if 
H” (2Keri — @:iHe, — 2a,H.i) = 0 
namely, 


n+2 


In consequence, the quadric Q in consideration must belong to the pencil 


2 + be 
pati. 68 70 YT a pu 7 70 yntl yn+1\2 
(24) X™0 = Bay X°X" + GH Kye X"X + a(x", 


(23) a; = ”" Kiss (z 


called the Darboux pencil.’ The equation (19) shows that the quadric of Cech 
is contained in the Darboux pencil.’ 

We now proceed to find the section V, of V, produced by a space [vy + 1] of 
vy + 1 dimensions through a given tangent space [v] of vy dimensions at O. First 
it is convenient to take the given space [v] through O for the space 


(25) xv =0,---, X°" =0 (v 2 1), 
so that the [vy + 1] is then given by the equations 
(26) atk” (k=v+1,-:-,n). 


In virtue of (1) and (26) there is no difficulty in showing that the section of 
V, produced by (26) is a hypersurface V, in this [vy + 1], the expansion of V, 
at O being 


xn = : DS Her X* X" + ; » ee ds 


(27) 
+ F.§ , % a gt id in + tiie 
12 “7 


7 J. Kanitani, Géométrie différentielle projective des hypersurfaces, Ryojun (1931), p. 33. 
<a. G. P. D., ». G7. 
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where the coefficients symmetrical in the subscripts are given by the following 
equations: 


Ren _ eve + $H,, ) Hoax" 


a=v+l1 


+ hy Zz, Hrad” + 4H t* Had’, 


a=v+l1 a=v+l1 


fan +t 2, ee tn 2. Dad + Ree 2 Bit 


a=v+l a=v+1 a=v+1 


+ | = ™ a + >» (Bae alw + Ap HuaHspg 


a=r+1 a ,p=v+1 


+ Howe H + Relate + oo + H yu H ca Hs)" 


+ z (Kora | + | |. a + | ; + | Mis + | He, 


a=r+1 


+ | om + 4( Her on + Py + | 


z. Hasr* nr’ (o,7,p,u = 1, ---,»). 


a,p=v+1 
In order to find the quadric of Cech of V, at O we have only to replace in (19) 
n by v; Kijx, Hijnir, ete. by Kijx , Hijxr , ete., remembering that in this case the 
summation must be of the terms obtained by giving the index each of its » 
values 1, 2,---, ». Thus we have 
xr = ; >» H.- x’ xX’ ed 2° > A | x’ x 


o,T=1 v 2 po,u=1 





(29) 
= H” Tn} (x"y? = 0, 


2v+ oT Fypu rs 
+ ets + 24 >> H H Rew KousH 


vy + 2)4 
where 
L, = DD BI” Bocre + +s en i a te | a 


+ K,, o KS pur r 
From (28) it follows that 


> Aa" K pue = > Aa" K Cue + oe + 2D) > Heed" 


a=rv+l1 


Hence, putting 








the eq 


(32) 


Since . 
given | 
(26) ar 
fixed s 
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the equation of the quadric of in consideration can be written in the form 
ye p> He x’xX -{253 m A Ri x’ 


(32) Pe, ae Had" X*} X™" 


o=1 a=vr+l 


{2 + 3) ety? 
+ Vo + 2 arH tO (xy = 0. 
Since K,,, and H,,,, are respectively linear and quadratic in \’s and A, B, € 
given by (31) are all quadratic in these parameters, by eliminating them from 
(26) and (32) we may easily conclude that when the space [vy + 1] turns about the 
fixed space [»] given by (25) the quadric of Cech (32) describes a hyperquadric, 
which completes the proof of the theorem of Cech. 

For the subsequent development it is, however, desirable to derive the explicit 
form for 2%, 8, € and therefore the equation of the hyperquadric thus obtained, 
namely, the Moutard-Cech hyperquadric belonging to the given space [y]. 
The first two of them may easily be calculated by means of (28). Thus we 
obtain 


PY | —_ dX de ga ge 


(33) + (v + 2) : i han > Head® 


a=v+1 


- i + 2) > A } m Hra Hep", 
— 


B = > A” A™ Horpu + 4 >» PR ts 2 Bat 


a=y+1 


(34) + Av + 2) : A" > Hira Hep" + 2(v + 2) : aod 2 a 


a p=rv+1 a=v+l1 


: 57 + 2) = Hasd"’, 


a,B=v+1 


remembering that H,,, Kory, Horpu are Symmetrical in the subscripts and that 


(35) >> A” H., = 5. 
1 


It remains for us to compute €. For this purpose we find it convenient to 
remark that 


(Are = — f° = _—Aer 
= A” — Hs, 
= Avs, — AE, 


- "?'(HerHup — FH olh ep) = 2v(v — 1), 





tag Oe — AurH,¢s) = 2 (5768 _ 5,6-), (r, ev > i, sia v). 
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The first two relations are consequences of the definition of H°“'’’, the next two 
follow from the expansions of the determinant involved in H*", and the last two 
sets follow from the repeated utilization of Laplace expansions of the deter- 
minant H or from the preceding two equations. Some calculations suffice then 
to demonstrate that 


= >. H” re | = wn} 
1 


n 


(37) +t -f2 o's. 2, Bai" 
1 


a=v+1 


+ 350+ 2)(» — 1) DA” Hye Hes 20°. 


a ,p=v+1 
Substituting (33), (34) and (37) into (32) and reducing, we arrive at the equa- 
tion to the quadric of Cech of V, at O, namely, 


( 


xt — De H,,X° X" — Pe ak A" KyueX” + > > H..d* x} te 


o=1 a=r+l1 
4 fae i 5 ) >A ve Fee a’ xX... a = a y ® a OO 
\v(y + I vv + 2) ‘T 
(38) 
(ote PPP es Fae 3 =p > AT YS Keud 
v(v + 2 a=v+1 a=v+1 
me > His" oth anny = 0 
2 a,B=v+1 
where L,,(0, 7 = 1,--:, v) are given by (4). Elimination of \’™,---, \" 


between (26) and (38) immediately gives the equation of the Moutard- Cech hyper- 
quadric belonging to the space (25): 


xt aly w,.xex 


2 o,T=1 
- f2 yor 4 oT uv rp yrntl 
(39) + 2. tia a H | = > H,,H i | rT x Ps 
p=1 \y v(v +3s4%. 1 
- {2 + 3) = i” A" | hd | an | — YA “Z| errr. 
low + + 2) ‘7 v(v ¢ 2) 1 f 
Several interesting theorems can be easily established. For example, take 
any point P(é', --- , ’, 0, --- , 0) in the given space [v]; the polar hyperplane 


(in [v]) of P with respect to the corresponding Moutard-Cech hyperquadric is 
evidently given by the equation 


(40) i _ mS } ae xX" a i, » t..*x". 


o,tT=1 





This 
the | 
the | 


that 
(41) 
Mul 


(42) 


The 
(43) 


Qy+1 
plar 


hype 
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This hyperplane can, however, be obtained by the following method: Consider 
the quadric Q given by (20); the cubic hypercone I's; of equation (21) contains 
the space [v] when and only when 


v 


Dd, (4Kerp — 40,Ha)e EE = 0, 


1 


that is, 


(41) Korp — 34,H., — 4a,H,, — 3a,H,, = 0, (o,7,p = 1,---,»). 
Multiplying (41) by H” and summing for o, r = 1, --- , v, we obtain 
2 _ 
(42) >> meres >» H™ Karp ; (o = 1, -:-,»). 
The hyperquadric Q in this case becomes 
xt ia 1 > a x’ 4 = 2 . 1 Ar x. xX? x" 

27 y+ 27 

(43) , 
+ > Qa Ps yee + axr’y., 
a=y+l 

M41, °°* , Gn, @ being arbitrary constants. It is obvious that the polar hyper- 


plane of the point P(é', --- , ’, 0, --- , 0) is precisely (40). Hence we have the 

THEOREM. Suppose that a space [v] through O be contained in the tangent 
hyperplane of a hypersurface V, at O and that a hyperugadric Q has at O a contact 
of the second order with V,. If the cubic hypercone T%_, formed by the tangents 
drawn from O to the intersection of V,, and Q contains the space [v], then the polar 
hyperplane of any point in this [v] with respect to Q must coincide with that of the 
same point with respect to the M outard-Cech hyperquadric belonging to {v). 

In particular when v = 1 we obtain a theorem due to Fubini.” 

Let us now consider the hyperquadric (20) such that the corresponding T'3,_, 
should pass through the space [vy] doubly. We can show that such a hyper- 
quadric must belong to a pencil. In fact, for the hyperquadric Q in question 


the coefficients a,(p = 1, --- , v) are, as before, given by (42), and 
pa = (Korn — 3a,Her — acH,)X°X' =0, (9 = 1,---,n), 
must be satisfied identically for any é’, --- , 2’, andé* = 0, (a = v + 1, ---,n). 
Therefore 
SS Kee — HpHer — Oe Hep)XX' = 0, (9 = 1-4 n) 
or | 


(44) 2K.,, — a,H., — aH, —a,H, =0 (0,7 =1,°::,»;p = 1,°-:, 7), 


°Cf. G. P. D., pp. 617-618. 
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whence 


2 - ryoT 4 ~ FyoT yyuv aa 
(45) a, = = ae H | om vv + 2) ae H,.H H , (p = 1, ee ,n), 


Hence we obtain a pencil of hyperquadrics 


yer - 5 Z. H. xx" 
1 


o,T= 


(46) n {2 v — a a v suited ail 
™ 2X y p> ailhaiaes v(v + 2) PS Hy, HH Ken} X°X 


+ "FT, 


a being a parameter. We shall call (46) the pencil of Moutard-Cech belonging to 
the given space [v], because each of these pencils contains a Moutard-Cech 
hyperquadric (39). Thus we have proved the following 

TuroreM. If the cubic hypercone T%_, passes through the space [v] doubly, 
then the hyperquadric Q must necessarily be in a pencil of Moutard-Cech belonging 
to the space [v]. 

That the converse of this theorem is not necessarily true may be seen by con- 
sidering a V, in which H,, = 6,, and Kyo, ¥ 0 for p, o, 7 all different. Then 
even if a, is defined by (45), the right member of (44) becomes K,,, ¥ 0 for 
p, o, 7 all different, and thus (44) cannot hold. 

This generalizes a theorem for the case v = 1.”° 

The hyperquadric of the pencil (46) possesses another definition, as we will 
show below. 

From (27) it is easily seen that all of sections V, produced by spaces [v + 1] 
through the space [v] have the asymptotic hypercone at O in common, namely, 


(47) DL AeXX'=0, XX" =O,---, XX" =O, 
o,T=1 
which may be obtained as the intersection of the space [vy] with the asymptotic 
hypercone (22). 
In the tangent hyperplane X"** = 0 of V, at O a space [n — v — 1] is taken 
such that it is skew with the space [v]. The projection of the hypercone (47) 
from this [n — v — 1] is apolar to the cubic hypercone I",_, if and only if 


v 


>> A" (2Kerp — A Her — G¢Hyr — Or Hye) = 0, (9 = 1,---, 7), 
o,T=1 
whence we obtain (45) and consequently the pencil of hyperquadrics (46). 
Hence we have the 
Tureorem. If the cubic hypercone T%_, be apolar to the quadratic cone ob- 
tained by projecting the common asymptotic hypercone of various V,’s from a space 


10 Cf. my paper: Plane sections through an ordinary point of a hypersurface, to be pub- 
lished in Revista, Tucumdan. 





yet 


g to 
ech 


bly, 
ying 
yOn- 


hen 
for 


will 


otic 


ken 
47) 


ace 


yub- 





MOUTARD-CECH HYPERQUADRICS 17 


[n — v — 1] contained in the tangent hyperplane of V, at O, but skew with the 
given |v], then the corresponding hyperquadric Q must belong to the pencil of Mou- 
tard-Cech, and conversely. 

We have shown the truth of this theorem in the case vy = 2.” 

Among various sections of a hyperquadric Q of the equation (20) produced by 
spaces (26) of vy + 1 dimensions through the given space [v] it may happen that 
the section just coincides with the quadric of Cech of the section V,. In 
virtue of (20) and (26) it is easily shown that the section of Q is 


ax" = > H.,X°X' +2), {as + > Hea »*} ya ie 


o,T=1 o=1 a=y+1 


+2(0+ > Qa X a) xn 


a=v+1 


(48) 


In order that the latter should represent the quadric of Cech (38), the necessary 
and sufficient conditions are 

2 ~— 
ad oe, A Kou (o = 1,---,»), 





(49) ad, = 


a+ 2. a." = do H. srr? +2 2A" - Konak” 
a, p=v+ 


a=v+1 a=r+1 


1 eee 
+ a ef 
v(y 2 
(50) (v + 2) 


OT pu 
- 7 ty DA A aD 





_ 20 + 3) 8 T ypu 
+3)? % > A” AY A KewKoue- 

I have not been able to find the geometrical meaning of (49) and (50). We 
remark that if the hypercone I'3._; passes through [v] then (42), which is identical 
with (49), holds. However, since (49), or (42), does not imply (41)—as can be 
seen from the counterexample following the next to the last theorem above— 
(49) does not imply that I'4_, passes through [v]. We also remark that in the 
case v = 1 the equation (50) shows that the plane (26) should osculate a curve 
contained in the intersection of V,, and Q.” 

It is of some interest to investigate all the quadrics of Cech of sections V, which 
lie on a fixed hyperquadric Q having at O a contact of the second order with 
V,. Observing that a space [vy] through O and in the tangent hyperplan of 
V, at O contains in general v(n — v) parameters and that the conditions (49) 
and (50) are vy + 1 in number, we may conclude that on Q there are « °*?°"™"-» 
quadrics of Cech of v dimensions. 





11 Cf. my paper, loc. cit.!®. 
12 Cf. my paper, loc. cit.!°. 
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For the sake of completeness we shall find the equation of the Moutard- 
Cech hyperquadric belonging to a general space {v] through O and in the tangent 
hyperplane of V,, at O. 

For this purpose it is convenient to express the equations to the space [v] 
in the form 


(51) IT" = yo dtx" (a=v+1,---,n), X"**=0 

or = 

(52) X*=0 (k=vr+4+1,---,n), X**=0 

if we put 

(53) Yaoxt'-yYax (k=v+1,---,n). 
Introduce ™ 

(54) Ri= X’ (G=1,---,v), RM =jX™ 

so that 

(55) Y= 24+ Dar (k=v+1,---,n). 


Substituting (54), (55) into (1) and rearranging, we obtain 


yn = >> H,, XX’ + ; } | at iB ig 
1 


(56) 
my 5 DY Herpu XR ROR 4 «es, 
where 
Au, = Har + > H.ad? + - Had? + : Hap di cd , 
a=v+l a=v+1 a ,p=v+1 
(0,7 = I, “++ p), 
(57) | ' 
Hee = Hew + A Hass, (c=1,-*:,y,a =v+1,---,n), 
B=v+1 
Hus = Has, (2,8 =v+1,---,n); 





and similarly one can obtain explicit expressions for K,,, and H,.;, in terms of 


K yer, Hoorn, and d, : 
By virtue of (39) the equation of the Moutard-Cech hyperquadric belonging 
to (51) is of the form 


rn e > A.xx 
2°T 
~ {2 : or 4 Tr )}36fTot Tye GP vp yntl 
(58) + 2 i X op gy De Hep HAY Rvp X?X 


1 
" (ets) p A” a” A Rue pus — _ >) z A” Lux} Sy "y 
4 1 1 
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where H” is related to H,, as H,, was to H,,. On account of (53), (54), (57) 
the equation (58) may be written as 


n a» ae " a ee ou 
x = 1 + ® | oe x’ }- 2 z } + a oo _ _ xs H.,, H” HH’ De 
2°T y ~ I v+27 
60) — Se (SA Re — 22S Ma Ran) as) xO 
a=v+l1 1 1 
vy > : FyTs FyoT FFeu | 7a 7n+1\2 
+ vv - 2) {x H Ler 2(v + 3) p> H”™H” H Rr Brn (X ) : 


Hence we have the 

TuEoREM. The Moutard-Cech hyperquadrics belonging to two different spaces 
through O and in the tangent hyperplane of V, at O intersect in the asymptotic 
hypercone of V, at O and a hyperquadric of n — 1 dimensions. 

We shall consider now the intersection of the quadric of Cech of V, with the 
Moutard-Cech hyperquadric (59) or what amounts to the same thing, (58). 
Since (19) remains unaltered when H, K, X are replaced by H, K, X respec- 
tively, the intersection in question consists of the asymptotic hypercone and a 
hyperquadric Q,-1. The hyperplane on which Q,-_; lies passes through the 
space (52) if and only if 


a 1 : Fyou ee 1 pu amen = eee 
(60) 5 > A” Ryu — ~ < c A”™ Kyue = 0, (o = 1,---,»). 


But the Darboux tangents of V, at 0 constitute a cubic hypercone with the 
equations 


(61) p » hear ne = = 0, zz = 0, 
1 
where we have placed” 
a = | = a2 (Ba » HK Rows 


Aye 32 A Rese + Hw > 8" Run), 
1 


1 


(62) 


In order that this hypercone should contain the space (52) it is necessary and 
sufficient that 


(63) P sue = 0 (p, uo= By ***'y v) 


| 
— 
~e 
~ 
1 
~ 


Multiplying (63) by H* and summing up with regard to p, u = 
we are led to (60). Hence there follows the 


13 Cf. Kanitani, loc. cit., p. 34. 
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THEOREM. Alt a generic point O of a hypersurface V,, the quadric of Cech (or 
any quadric in the Darboux pencil) and the Moutard-Cech hyperquadric (or any 
hyperquadric in the pencil of Moutard-Cech) belonging to a tangent space [v] inter- 
sect in the asymptotic hypercone of V, and another hyperquadric of n — 1 dimen- 
sions. The hyperplane through the latter hyperquadric contains the space [v] when 
and only when the space [v] belongs to the cubic hypercone of Darboux tangents at O. 

Thus is generalized the theorem of Bompiani“ concerning Moutard quadrics 
of a surface in ordinary space. 


NATIONAL UNIVERSITY OF CHEKIANG, 
KweEIcHow, CHINA. 





144 E. Bompiani, Contributi alla geometria proiettiva-differenziale di una superficie, Bol- 
lettino della Unione Matematical Italiana, 3 (1924), p. 97. 
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THE CLASS-RING IN MULTIPLICATIVE SYSTEMS 


By A. R. RicHarpson 
(Received October 15, 1942) 


NOTATION. ~ denotes a system closed to a binary operation; a, b,c, ---, are 
elements of E-subsets A, B, C,--- of 3; u,v, w, --- , are elements of 2. The 
term E-set implies that the classes C,, = w-A are disjoint, the relation between 
the elements in C,, being an equivalence relation R,. Hence if w be any element 
in 2, a , a2 any elements in A then there exists an element a such that w = w-a; 
w= (W-d)-d2; (w-a))-a2 = w-a. 

These classes will be regarded as the elements of a multiplicative system 7’, in 
which multiplication will be denoted by X. In group theory X may bederived 
from -, e.g. a X b may denote any one of a-b, b-a,a-b-a'-b',b'-a-bete. On 
the other hand X may be defined without reference to - as in the theory of 
rings of systems closed to two operations, e.g. ab — ba, ab + ba.’ 

In order to establish an automorphism between the structure (lattice) of 
equivalence relations R,,in which A ranges over all E-subsets of =, and those 
quotients of E-sets having the same R, , we shall assume: 

CANCELLATION LAw I. If for any element u we have u-a = u-b then there 
exists ad in D = Af) B such that u-a = u-b = u-d, i.e. we assume that D is 
non-void. 

AssociaTIVE Laws. w-(a-b) = (w-a)-b; (w-a)-b = w-(a-b) where b is in B. 


Hence A-(B-C) = (A-B)-C. . 
The product w-a; X v-a; is in 2 and so falls into one and only one class 
C, = u-A. In ordinary algebra several classes arise, viz.: 


(a) All elements w-A X v-A are in the same class (w X v)-A. This holds 
in the theory of normal co-set expansions in groups and semi-groups. 

(b) All elements w-A X v-A are in the same class u-A where u ¥ w X v. 

This case cannot occur here for since A is an E-set, right units a, , a, exist 
such that w = w-a, andv = v-a,. Hencew Xvisinw-A Xv-A which product 
must therefore be in (w X v)-A. 

(c) The elements w-A X v-A fall into different classes, e.g. the classes of 
conjugate elements in group theory. 


We shall denote unions and cross-cuts with respect to - and X by A U B, 
A U B,A a B,A n B respectively. 
1. Cy X Cy BS Cure. 
This is equivalent to 
(1) (w-A) X (v-A) S (w X 0)-A 


1A.R. Richardson, Congruences in Multiplicative Systems. To appear in Proc. London 
Math. Soc. 
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le. given a;, a; any elements of A; w, v, any elements of = then ae A exists 
such that 


(2) (w-ai) X (v-a;) = (w X v)-@. 
Since A is an E-set a, € A exists such that w-a, = w. Hence there are the 
following special instances of the distributive law (2): 
(3) w X (v-a;) = (w X v)-a 
(4) (w-a;) Xv = (w X v)-ae 


If (w-A) X (v-A) = (w X v)-A there are other special instances: 
w X (a;-a;) = (w X ai)-a;, 
(w X aj)-a; = (w-ag) XK (Ai*Am) = (w-ay) X an, 
(w-ai) X a; = (wai) X (a;-a1) = (w X a;)-a. 


THEOREM 1. [If the classes mod R,4 and mod Rz, both satisfy condition (2) then 
so do those mod Rajz and mod R az. 


Let D = Af B, supposedly non-void, and let d;, d; be any elements 
in D. Then (w-d;) X (v-d;) = (w-a;) X (v-a;) = (w X v)-a. Similarly 
(w-d:) X (v-d;) = (w X v)-b. Hence, by cancellation law I, there exists d in 
D such that (w-d;) X (v-d;) = (w X v)-d, ie. (2) holdsforD = ANB. Next, 
owing to the associative laws, the elements of M = A U B are of one of the 
forms 4, b,a-b, b-a. Take these in turn: 

(w-a;) X (v-b;) = {(w-a;) X v}-b = {(w X v)-a}-b = (w X v)-(a-b) 
= (w.X v)-m. 
{w (a;-b;)} b 4 {v- (d2-be)} = { (way) -b3} { (v- de) - ba} = { (w-a;) + 4 (v-de)} -b 
= {(w X v)-a}-b = (w X v)-(a-bs) = (w X v)-m. 
{w-(ai-b1)} X (v-(be-a2)} = {w-(ar-bi)} X& {(v-be)-as} 
=[{w-(ai-bi)} XK (v-be)]-a = [{(w-a)-b3} XK {v-be}]-a = [{(w-a) X v}-b]-a 
= [{(w X v)-ay}-b]-a = (w X v)-m. 
Hence (2) holds for M = A U B. 

Coro.uaRry 1. We have also proved that A-B, defined as the set of all elements 
of = of the form a-b, aiso satisfies (2). 

Corouuary 2. If A is a normal E-set of = with respect to -, i.e. ifv-A = Avv 
for all v in &, then (2) ts satisfied if X is taken to be -. 

If (2) is satisfied it is customary to define C,, X C, to be equal to Cy x., for every 


2 These laws resemble those of D. C. Murdock and O. Ore, On generalized rings. Am. 
Journ. of Math. vol. LXIITL No. 1. 1941. 
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element in C, X C, is in Cuyx». In such cases the correspondence w — w-A 
between 2 and 7’, is a homomorphism. 

Although in many instances we require only that (w-A) X (v-A) S (w X v)-A 
in others it is necessary that (w-A) X (v-A) = (w X v)-A. We therefore 
examine the condition (w X v)-A S (w-A) X (v-A). For this to hold it is 
necessary that given w, v, a there shall exist a; and a; such that 
(5) (w X v)-a = (w-a:) X (v-a;). 

THEOREM 2. If the classes mod R,4 and mod Rz satisfy (5) then so do those 
mod Rap. 

The elements of A U B are of one of the forms a, b, a-b, b-a. Consider 


(w X v)-m = (w X v)-(a-b) = [(w X v)-a]-be = [(w-a,;) & (v-a;)]-be 
{(w-a;)-bi} X {(v-a;)-b;} = {w-(az-bi)} X {v-(a;-b;)} 
(w-mi) X (v-m;) 


I 


i.e. (5) holds. Similarly it holds for the case m = b-a and therefore in all cases. 

In order that (5) shall hold for Rugs a new form of the cancellation law is 
necessary. 

CANCELLATION LAWII. If (w-a:) & (v-a;) = (w-b;) X (v-b;) then there exist 
in D = Af) Bd; and d; such that the above products equal (w-d;) X (v-d;). 

THEOREM 3. If the cancellation law II holds and if Rs, Rg satisfy condition 
(5) then so does Rane. 

(w X v)-d = (w-a;) X (v-a;) = (w-b;) X (v-b;) since d is in both A and B. 
Hence, from cancellation law II, d; , d; exist in D such that (w X v)-d = (w-d;) X 
(v-d;), i.e. (5) holds in Rags . 

THEOREM 4. If = is homogeneous with respect to X and if cancellation law TL 
and laws (2) and (5) hold for A and B then the cancellation law I also holds. 

Let z be any element in =. Since = is homogeneous, w and v exist such that. 
z=wXv. Let z-a = z-b then a;, a;, bj, b; exist such that z-a = z-b = 
(w-a;) X (v-a;) = (w-b;) X (v-b;) and by law II, d;, d; exist in D= ANB 
such that z-a = z-b = (w-d;) X (v-d;) and by law (2), there exists d in D such 
that these products are equal to (w X v)-d = z-d, i.e. cancellation law I holds. 

TurorEeM 5. If > is homogeneous with respect to = and if cancellation law I 
holds as well as laws (2) and (5), then the cancellation law II holds. 

Let (w-a;) X (v-a;) = (w-b:) & (v-b;) then by (2) a and b exist such that 
(w X v)-a = (w X v)-b. Hence by cancellation law I, d exists in D = AN B 
such that (w X v)-a = (w X v)-b = (w X v)-d and, since (5) also holds, this is 
equal to (w-d;) X (v-dj;), i.e. cancellation law IT holds. 

In general the E-sets do not form a Dedekind Structure (modular lattice). 
If however the equation a; = a2-x is always solvable in an E-set, then 

TuEeorEM 6. The E-sets form a Dedekind structure with respect to -, t.e. uf 


A <CthnCN (AUB) = AU (BNC). 
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By the associate laws the elements of A U B are of one of the forms a, b, 
a-b, b-a. 

Letc = b-a. Then d exists in A and therefore in C such that c-@ = b. Hence 
bis in C and therefore in BN C,ie.ee AU (BNC). 

Let c = a-b then é exists in C such that c = a-é,i.e.c = a-¢ = a-b. Hence 
d exists in BN C such that c = a-d,ie.ceAU(BNC). 

Corotiary. The mutually permutable E-sets A, B, --+ for which a, = ay:z, 
b; = be-x have solutions, form a Dedekind structure. 

It is desirable to express the conditions that every element in a product class 
occurs equally often in the product but, apart from the very restrictive condi- 
tions such as those in group theory, the necessary qualifications are complicated 
and are not inserted here. Instead we shall assume the C;C; = Ze; jC; . 


2. The characteristic equations in the class-ring 


Let X = Z. 2,C;,t = 1, 2,--+,n, the 2’s being indeterminates in a ring K 
not of characteristic two. Then 


XXY= Z. aC; X PB y;C; = p ay; CC; = (a:)(QU Yi Crim) (C'n) 


where (x;) is a one-rowed matrix and C, a one-columned matrix and Ay = 
(>>; y;ckim) is an n-matrix in which k denotes the rows and m the columns. 
Hence ; 


(xi)(Cp)(yi)(Cy) = (4i)Ar(C2). 
Similarly 


XxY (Co iC jmk) (Yn) 


= (yi)(DXo rjCjnm) (Cn) 
= (Ci)(D0 yiemir) (tn). 


Evidently (X XK Y) X Z = (a;)AyAz(C,) and X XK (Y X Z) = (ai)Ayxz(E,). 

Hence the condition for the class-ring to be associative is Ayxz = AyAz. If 
this holds then the correspondence Y — Ay between the class-ring and the 
matrices in a homomorphism m in which the class multiplication x corresponds 
to matrix multiplication and addition to addition. 

Let XT” = X¥™ x X. Then X“*” = (z,)AX(C,). Hence if Ax satisfies 
the characteristic equation Z" + p,Z"" + --- + p, = 0, then X satisfies a 
characteristic equation 


xe px” +---+ p,X = 0. 


Evidently the p; are homogeneous and of degree 7 in the z's and the elements 
of Ax are linear in the 2’s and integral in the ¢;;,, . 
In group theory and in the theory of matrix representations of algebras the 
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regular representation is important. From the present point of view this 
corresponds to Ag where R, is the unit equivalence relation in which each class 
consists of one and only one element of 2. 

THEOREM 7. If every element in a class-product occurs equally often in its class 
then the characteristic polynomial of the general number in the class-ring has a 
linear factor Z — >. xip; where p; is the number of elements of = in C;. 

Since every element occurs equally often in its class, 


Pip; = p CijkPk - 
Multiply the columns of Az by pi, p2, --* px respectively and add to the first. 
Then the y* row has in the first column the element 
(6) } 1;Cyim Pm — Zpy = ss 2 Py pj — Zpy = py [dD 25 pj — Z). 
ym 7 
Hence Z — >> z,p; is a factor of the characteristic polynomial Az and it is linear 
in the indeterminates z; . 

In group theory a-b = b-a-b anda X b = a-b. Every element in a class 
occurs equally often in a class-product and the characteristic equation of the 
general number in the class-ring splits into linear factors 

IT [2 — © 20;X)°/28") 
v 2 
where the X$” are the group characteristics. The group character (1, 1, --- , 1) 
arises from (6). 

In the general case the characteristic polynomial does not split into linear 
factors although it is known to do so when the class-ring is commutative. 

THEorEM 8. If = is an E-set with respect to X then Az = [Z — >> zpi]" is a 
compleie nt” power. 

For, = being an E-set, the elements which appear in the multiplicative table of 
> as multiples of C;,7 = 1,2,---,n,areinC;. Hence ci, = 0,k ¥ i and 
Cij= p;,k =%. Hence Az = [Z — > zip;|". 

TuroreM 9. If Ra C Rz then | Az | is a divisor of | A | where A’, is what A, 
becomes when certain of the a’s are equal. 

Since R, C R,, Bi = > C, and therefore BiB; = >> bijxCe = D0 C.Cn = 
> cameCe i.e. >, bie = Cp = D2, CameCe. Let B = Ci +--- +C,,;B: = 
Cast oo + C,, , oe 
then 
BiB; = _ ese 04 + ro + C.;)(Ce;-.44 + = + C:;) 

mt » C514 i1Coj-1 +e ~ } Co5-14+7.8j;-14 eC p 
i.e. 


Disp = Zz Co —s+1087—-14+tp ° 
yt 


In Ay put ay = G2 = +++ = Gs, 5 Qs, 41 = *** = Gs,-, and so on, i.e. the a’s which 
belong to C’s which are in the same class B are put equal to one another. Add 
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* / . . . 
the corresponding rows of A, then the elements in the row into which the sums 
, / 
are taken are also row elements of Az. The order of A, < order of A, . Hence 
. e / - 
certain columns of A, are repeated in A, . Subtract the equal columns from 
one another and we reach a determinant in which A, appears in one corner 
. / 
flanked by a zero matrix. Hence | A, | = | Az | ¢. 





3. Factorization of the m-ary p-ic 


The characteristic A, is linear in the indeterminates 2; , integral in the ¢; ;, 
and satisfies the characteristic equation and the reduced characteristic equations 
which are homogeneous in the 2;’s and integral in the ¢;;, . 

DEFINITION 1. A matrix in which the elements are linear in the m-inde- 
terminates x; and rational or integral in the coefficients of an m-ary p-ie over 
a field K of characteristic # 2 will be termed a linear matrix over 
Rt 5 Me, *** » Bad 

We proceed to factorize any m-ary p-ic over K as a product of p mutually 
commutative linear matrices. 

THEOREM 10. An m-ary quadratic can be expressed as the product of commuta- 
tive linear matrices of order S te" 

Proceed by induction: 


i 2 2 jax+ by, cy|| zx, —cy 
(7) ax + bay +, cdy =| ie. ag A ot +e 


ax’ + by? + cz” + dyz + ezx + fry 
= ax’ + x(fy + ez) + by? + dyz + c2’ 


(8) = ar’ + x(fy + ez) + C-D 
_lar+fy+e, cijz,—C | 
~ —D , «|| Diax + fy + ez 

where 


Pe & + dz, nf} 


me PS — Cz 
—z , y ~ Lz, by + dz 


and where in (8) x, ax + fy + ez are scalar matrices of order 2, i.e. 








Tax + fy + ez, 0 , oy +dz, cz] 
| 0 » avr + fy + ez, =e g. J 
7 —y , cz ‘ eS » BI 
L —2z ; —by — dz , So , z | 
x, -.-« —by —dz , —Cz 
0, ee J Zz , —y 
x y, —cz , axr+fy + cz, 0 
lz, by + dz, 0 , axt+fy + e 





is f 
ma 


as 
con 


ma 


che 


be 


an 


the 
teg 
as 


wl 


th 


ums 
nce 
rom 
“ner 





CLASS-RING IN MULTIPLICATIVE SYSTEMS 27 


Assume that the (m — 1)-ary quadratic can be expressed in commutative 
linear matrix factors of order 2””. Then the m-ary quadratic can be written 
f= av +be + C — D where b is linear in x2, 13, +--+ , 2m and C and D are 


commutative linear matrices of order 2””. Hence 
ae gt ie —C | 
—-D , «|| D, arw+b 
is factorized in linear commutative matrices of order 2” *. Hence the theorem 
may be proved by induction. 

In special cases the matrix order may be less than 2” and if the restriction 
as to rationality be abandoned the matrix order may also be reduced further. 

Corotiary 1. Similarly the bilinear form >. a;jxy; may be factorized in 
commutative linear matrices of order < 2”. 

Coroiuary 2. A linear form >, aja; may be factorized in commutative linear 
matrices of order 2°” in which the elements are either +2; or +4; or zero. 

Corotuary 3. The determinant of any matrix factor = f',t = 2”. 

Corotuary 4. The factor matrices satisfy the same reduced and the same 
characteristic equations. 

A tower of matrix rings will now be constructed in which the m-ary p-ic may 
be factorized in p commutative linear matrices. 

Let f = AiA2--- A, + BiB. --- B, be sealar in K(x, x2, +--+ , Xm) and let 
A,, Az, --- , Ay be mutually commutative linear matrices of the same order yz 
and B,, B.,--- , B, be also mutually commutative linear matrices and of the 
same order v. Let A = b a:A;and B = >> B;B;, a; , 8; being indeterminates. 
In the direct product the matrix rings in which A and B lie let A — A’ where A 
is repeated v times in the leading diagonal and let B — B’ in which each element 
of B is repeated u times as a scalar matrix. Then A’B’ = B’A’ = A X B. 
Hence in the total matrix ring of order uv every A’ is commutative with every 
B; as well as with the remaining A vs. Also (A;A;)’ = A iA; and (B;B;)’ = 
B:B;. Further A;, B; satisfy the same reduced equations as A; and B; re- 


spectively. Suppose also that A,A2--- A, and B,B, --- B, are each scalars 

. , / , , , 0. 

in K(a,2%2,-+:,2%m) then so are AijA2--- A, and B,B;--- B, in the new 
. . / / / , / i « . ° 

matrix ring. Hence AiA;2 --- A, + BiB: --- B, isa scalar matrix of order uv in 


which f is repeated uv times in the leading diagonal. In general A (A; + BiB, # 
(A;A; + BiB)’. 

We proceed to prove by induction the principal theorem: 

THEOREM 11. An m-ary p-ic, f, over a commutative ring K can be expressed as 
the product of p commutative linear matrices of the same order each linear and in- 
tegral in the coefficients and, if regular in one of the indeterminates, having f = 0 
as its reduced equation. 

Assume first that f is regular in 2, ie. f = 2” + ax” + ax? +--+» +4, 
where a;,7 = 1, 2, --- , p is of degree 7 and is homogeneous in 22, 23, +++ , Xp 
the coefficients being in the commutative ring K. For the purpose of factoriza- 
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tion it is unnecessary to take the coefficient of x” to be 1 but it simplifies the 
discussion to assume this. Then 


f = alz?* + ax? + --» +a) +a). 


Assume that it has been proved that both the m-ary p-ic a, and the m-ary 


(p — 1)-ic [| ] can both be expressed as products of commutative linear 
matrices viz: 
(9) f = x(x — x2)(@ — 43 )--- (@ — Xp) + AtA2-++ Ap 


—_ . , ye . . . ° 
Write these as matrices x; , A; in the direct product M of the matrix rings in 
‘ ° , , ° : 
which they lie so that, as above, x; and A; are mutually commutative and for 
convenience ignore the ’, then in (9) we may regard the A’s and 2’s as mutually 
commutative in the matrix ring K(M). Then x — wu is a linear matrix factor 

of f where 


(10) Be Ser ie rere e Pe rrr rrr ere 


—d,, & 66+ @ 0! 


The remaining factor, found by ordinary division in K(M), is the homogeneous 
(p — l)-ic in 2, %,°++, Im, U, Viz. the (m + 1)-ary (p — 1)-ic in 
K(M, x, 2, --* , Lm, U) 
x? + (a, + ux? + (u? + au + a@)x”~ 

fees + (uP + au? + +++ + ay). 
Hence if we also assume that the (m + 1)-ary (p — 1)-iec can be factorized as 
desired then so can the m-ary p-ic. The theorem is true for all the (m + 1)-ary 
quadratic. Hence to complete the induction it is necessary to prove it for the 
binary p-ic. 

The binary p-ic may be factorized in commutative matrices of order S p! of 
the Galois group of f = 0 but such matrices are non-linear in the coefficients, 
their order not being large enough for our purpose.” 

The m-ary cubic may be written as f = x(m-ary quadratic) + (m — 1)-ary 
cubic. 

Assume that the theorem is true for the (m — 1)-ary cubic. Then, since it is 
true by theorem 10 for the m-ary quadratic, F. = 2(z — ta)(x = = Xs) + Av 22 As . 
Write this in K(M) as f’ = x(x — 2)(2 — a3) + A1A2A3 where 22 + 23, 1223 
and A;A3A3 are scalars viz. v2 + 23, %2t3, A1A2Az3 respectively. Then x — u 
is a linear factor 


(11) 


’ ’ 
w2 y —Aj ; 0 

/ / 

u= 0 , %3 , —As 


ose, @, ® 


3A.R. Richardson. Quart. Journal Math., 1934-35, pp. 256-270. 
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The remaining factor is 
eo+alu — (72+ a3)] + [w’ - u(x + 23) + r22'3] 


an (m + 1)-ary quadratic in x, v2, #3, °** , m, U which can be factorized as 
desired. The theorem is true for the binary cubic; therefore, by induction, it is 
true for the m-ary cubic. 

The actual factors are: 


r— U, 0 at+u— (r+23), u— 2 
0, zt—4 —u+23 . x 


/ 

x . —Uu + 2 
/ / / 
U—2%3, LC+U— (te + 23) 


/ Fe ee @ 
where x + u — (x2 + 23) is interpreted as 


, / 
x—2%3, —Ai , 0 
/ , 
o , #-&, —Ae 
, / / 
—A3 ’ 0 eo (22 + 2X3) 


oO. -&h,. @ 




















0, aor %, —As 
—A;, 0 , —z 
Hence 
w= 12, A, ) ae 7 
0 ; = Bey Ao 
A3 ; 0 ; x 
f a f AEROS ODS SES SEN SSES TrvTrerrerte rt CCL 
wt — %2, Ay ; 0 
0 , «—'a%3, As 
L ° A3 ; 0 ; 4 aa 
fr a—a , —-Ai , 0 ; ©. “Mes 0 | 
0 5 © = Bes —As 0 , ay  ~ae 
—A3 , 0 , x— (a2 + 23) : —As, 0, 
Ki | cece cccceccccccccccecccccacccccccceesssasecccccccceceees 
— 2X2 + U3 y A ? 0 ; a) 0 ’ 0 
oO , Gs As a mn Ae 
L Az ; 0 ; v3 : 0 ; 0 ; > J 
a ae oe ea Cee 0 ) 
= BS . 0 :- O , m—2s, Ae 
a , = Z—%, Ai, 0 
ae 
Le — %%,;, —A1, 0 > x2 — 2%, —Ai , 0 
4 0 , —Ae 0 », £—-B, —Az 
x —A3 ; 0 ; ~— Zs ; —A3 > 0 = (22 a %3). 
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where ’ has been dropped. It will be noted that each matrix zero is semi-reduced, 
that the first and the product of the second and third are completely reduced 
and that the product of the three factors is the scalar matrix having f in each 
element of the leading diagonal and of order 3!yv. 

The binary quadratic depends for its factorization on that of a ternary cubic 
which, as above, can be factorized. Hence the theorem is true for the binary 
quadratic.’ The binary p-ic depends for its factorization on that of the ternary 
(p — 1)-ie only since the term a,y” is already in linear commutative factors. 
Hence, by induction, the theorem is true for the binary p-ic and, by further 
induction, for the m-ary p-ic. 

Corouuary 1. The theorem holds for a multilinear form. 

Corouuary 2. Since the matrix factors are linear in the coefficients of the forms, 
F = >> Af; will have factors linear in the i,’s. Therefore any set of m-ary p-ics 
in the same indeterminates may be factorized simultaneously in the same matrix ring. 

Coro.uary 3. There are minimum orders to the matrix rings in which a special 
m-ary p-ic or in which every m-ary p-ic over K can be factorized linearly. 

Coro.uary 4. The factorization is not unique but since the invariant factors 
and reduced equations are the same, two factorizations of the same order are similar. 

Coro.uary 5. f may be regarded as a form in m + p’ indeterminates if the p’ 
coefficients are themselves regarded as indeterminate. Hence f may be factorized 
in matrices in which the elements are sums of the coefficients and indeterminates 
each multiplied by +1, —1lor0. Such a factorization will be termed complete. 

Factorization of irregular f. The preceding factorization applies to regular 
f’s of which the characteristic and reduced equations of the class-ring are speci- 
mens. An irregular f may be factorized thus: arrange the terms of f in any order 
and consider two of them aia2 --- a» + BiB. --* Bp where the a’s and 8’s need 
not all be different. Then 


a ai is toe 
hg ye Ryo, ad 
satisfies the equation 
(12) IT@ — a) + (-)’IL6: = 0. 
The conjugates of u may be calculated thus: divide by X — w obtaining a 


(p — 1)-ic regular in. A. This may be factorized as in (11). Then wu and its 
conjugates are linear commutative matrices such that 


UU2 °°° Up = 102 °°° Gp + BiBe--- Bp. 


Repeat the process with a further term yry2 --: ypoff. They’s are commutative 
with the u’s and the above method leads to a set of conjugate commutative linear 
matrices ww2 ++: Wp = 102 °** Ap + Bibe--+ Bp + ¥1°°* Yp- By successive 
applications of the process, f itself may be factorized as desired. This is the 
practical method of procedure. 
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The matrix order in which the factorization takes place may be reduced if the 
restriction as to rationality in the coefficients is abandoned. Thus the quater- 
nary cubic may be expressed irrationally as 


3 3 3 3 3 
f = 2) + Xe + 23 + Xa t+ % 


3 3 |%+ 2s, 0 2 — 2%, v3 as 
v2 + t3 = | 0 | ae 4 all ii “—e or on = ABC 
3 : x4 a Us y 0 te % ;y ts —Zs = 
ts + Xs a | 0 ; em | —% , 4 m= J PQR 
Let 
AF '¢ 
u=|!|0 B Q 
ROC 
. —(A+B+0), 0 , B+C, ‘| 
CT = 0 , u-(A+B+C), -C, A 
or, —A ; B ; u, O 
—C . —B-C ; . , 
Kk Se % —-B-C . —B 
x 0, uu, C . —A 
A, —-B, u-(A+B4+0O), 0 | 
C, B+0C, 0 , u-(A+B+0C) 
Then: 


u, OjjJu—-(A+B+0O), SIj0, —S |= wa 
0, wu —T , OFT, w-(A+B4+C)] ~~ 


for A, B, C, P, Q, R are mutually commutative. 


f _— ma — wv, 0 aAtw, —w 21, Ww 
=> 2% tT UW = 
0, ua—w sos , & —wW, UM+tw 


0, -—a, O 
w= 0, 0, —d 
—v, O 0 


Hence f may be factorized in matrices of order 144 which is the same as that 
for the ternary cubic having rational factors. If the ternary cubic is expressed 
irrationally as x*° + y* + 2 + bzyz it can be factorized in linear matrices of 
order 48. 

If f is regular in x then the reduced equation for each matrix factor is f = 0. Let 


fie Gis Ce ***, 0 , 0 | 
o, Ae, C2, ot 0 ) 0 
(13) nay L dawthicnesadvevanegnaeiapebadirs | 
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where A; , Cj; 7, 7 = 1, 2,--- , p are mutually commutative matrices each of 

order uw. Let T = (t;, ;) where 7, 7 denote row and column respectively and 
= p—t 

ti, = (— 1)" “Cree + + + C41 php_ci4 (Ar, Av, +++, Az, Ap), 


I<P lip = (ag, 


where h,(a1 , a2 - ++ a@;) is the sum of the homogeneous products of a1 , a2, «++ a; 


taken s at a time and iy = 1,h, = 0. Then 


Qi, Qs, » Ayp-1, Gp 

(14) fot aww al "* % “+ 8; ® 

°, 8, , —1, 0 
where a, = A,Ae --- Ap + (—1)” “eice -- + cp and a; is the elementary symmetric 
function, » AjA2 --- A; of Ai, A2,-++-,A,y of degree 7. Hence wu’ satisfies 
f = 0. In general 7 is non-singuar in K(M) since | 7 | = toy lp. 
: typ-i,itip-1 = (—1)’c? *c?~* --+ cy-9c2* where v = 2 or 1 according as 


p = Oor 1; or 2 or 3 (mod 4). 
Hence unless all the C’s are singular, 7 is non-singular in K() and this 
suffices for our present purpose, for in the m-ary p-ic a4, = AiA2-:: Ay # 0. 
Each element in (14) is a scalar matrix of order u. Hence w’ is similar to u 
and can be transformed into the matrix in which the canomical elementary 
matrix in K » 


Mm, &®, » Ap 
—] 0 

y’ = ’ ? ’ 
0, 0, -—1, O 


is repeated yu times in the leading diagonal. Hence wu satisfies the same reduced 
equation in K as uv” viz. f = 0. 

The (p — 1) conjugates of u also satisfy f = 0 as reduced equation in K(M). 
Thus we satisfies (11) in K(M, u) and since uw is equivalent to an elementary 
canonical matrix in K(M, u), (11) is its reduced equation. Hence, in K(M), 
f = 0 is its reduced equation. A repetition of the argument shows that us; is 
equivalent to an elementary canonical matrix having a reduced equation in 
K(M, u, ue) of degree (p — 1) and hence having (11) as reduced equation in 
K(M, u), ie. f = 0in K(M). Similarly the other conjugates have f = 0 as 
reduced equation. 

These conjugates of wu can be transformed into (14). Actual transforming 
matrices for cubics and quadratics are: 








vr ; Ai(Xe + X3), 0 ; 0 ; AX ; A,A2 7 
“=e + —A, ; 0 ; 0 ) —A, ’ 0 
T = a 0 ; 0 , , *  % 0 
—2A3%3, —A,A3 , —2%3(%2 +23), —Aix%3, —Aix%s3, —42% 
A3 ; 0 ) v3 ; 0 ; 0 ; 0 
LC -e y 0 ' 0 ‘ O ; - < 1 4 
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transforms 


into the second zero where 


In general 7' is non-singular, e.g. for the binary cubic 
| T | = as(a3 — ayae). 
For the quadratic 


Tu ’ T» ’ T13 
T = Tx . Tx» ) T 23 
T'31 ’ T'32 . T'33 





where 
[ — aye + a3, a2(aj — Q), —as(aj — 2), as(aj — Az) 
T ee — a2 . QQ2 . — a1Q3 . Q,Q4 
= 0 , as : —dz3 P a4 
a 1 , 0 ; 0 , 0 
T aia3 — Qt, G23 — aids ’ as(aj ings az), A 
T a a3 ’ — Aa3 + Q,Q4 . 0 
leit oe « —a , as . 
q 0 : 0 ‘ 0 — 
| a0, , as(ai — ad), 0, | 
_ | “Ml, QQ4 , 0, O 
=e + , 0, 0 
a Pa > = 
0, = 1, a, 0 1, a, —Q, 0 0, 0, 0, a 
eae Feta et 2 ws 0,0 T. =|% 9 9, 9 
= eo 0, &, OF eG: 3. oP errr 
0, 0,0, 0 o,0., 0,0 0, 0, 1, 0 
0, 0, = ay 0, —1, a1, —Q2 —1, a, —a2, az 
{oo 001 T. =|% 9,9, 9 is 9, 8.8 
aed: < oe. tel Se PL Oy iets Pe arse: 
0,0, 0,0 se rae Vawu Oe 


transforms 
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where 

—Q&, GU, a3, & 

-1, O, 0, 0 

0, -l, 0, 0 

S, 8, =i, 0 

into the second zero, viz: 

—u—-a, wtauta, —(w +a + au + as) 

somedede eins | 
0 ; —1 ; 0 


A result which is useful when calculating the conjugate zeros of wu is: if 


—@, G2, —W, °*°"', nn 
—},. @ @,<, 0 


then 
u’ + au" + au’ + --- +4, 


| ? As+1 ’ —Asi2 , 
0 5) 0 ’ As+1 . As+2 ’ 
s—2 
= 0 ’ 0 ’ (— 1) a, 





_ 0 ‘ 
+(—1)*a, ’ 0 ’ 0 ’ 0 ’ 0 | 
+(—1)’ap-1, (—1)’a, ’ 0 ’ 0 ’ 0 
0 ’ As41 — e412, (-— is Ap-1, (— 1)’ Ap 
Os , 0 ‘ 0 , 0 ; 0 
(-1) , (—1)"a, *» J 





and in particular 


wr + ayur” + e+ + dpa = (u — %)(U — 43) +++ (U— Sp) 


0 0 ‘oe. ous Ap 








L(—17"",  (—1)?"m, +++ Gal 
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4. Pseudo-representations 


The characteristic polynomial of the class-ring may now be factorized in linear 
commutative matrix factors 
|r - A: | = IT fa = 2 Xia 
7 
X;,; being the matrix coefficient of x; in the j linear factor. The number of 
factors is equal to the number of classes and each factor gives rise to a matrix- 
ring in which the correspondence C; — X;,; can be established. 

DEFINITION. X;,; will be termed a representative of C; in the j matrix-ring. 

DEFINITION. The p matrix-rings will be termed conjugate rings. 

In group theory the correspondence C; — X;,;/Xo,; is a representation, but 
in general this is not so. Even when C; — X;, gives a representation, the con- 
jugate matrices X;,; may not do so, although the general number in the j® 
matrix ring is similar to the corresponding general number in the k* ring, i.e. 
although 7’; exists such that T7i (>> 2: X;,;) Tin = dD. tiXix, Tj.% depends 
on x;s and does not transform X;, ; into X;,. There may however exist a 
pseudo-representation in which if C:;C; = >> CijpC then 


(15) IT [Xie Xin — DO cup Xp.x] = 0, 
k 


although the factors in this product are not necessarily conjugates. 
Pseudo-representation of the total matrix algebra of two rowed matrices. Let 


1, 0 0, 1 0, O 0, 0 : 
€11 , C12 , €21 » x2 denote e ) * | ey 3 & ’) respectively. The 


characteristic polynomial of the general number x = ae, + Bei2 + Yeo + de is 
x’ — x(a +8) + a6 — By. 
One factorization of this is: 
z— (a+ 5), 0 , a, 7 
0 , «-—(a+5), yy, 46 
-—5 B » | 


Y ' —a , & 2 
S. ie —a , —B 
0, Zz, omy ; —6 
6, —8, z— (a+), 0 
—¥, @, 0 , #- C+) 


which gives rise to two sets of matrices X;,; corresponding respectively to en , 
€y2 , C21 , C22 VIZ.: 


h 0, —1, 0 2 90, @ -i 
0, 1, 0, 0 xe ¢,.¢& & 
: 0, O, | 0, -1, 0, $i 
, 1, 6, @ ‘2, 4.6 
(16) 
0, 0, 0, 0 Ti ee aE 
ie 0, —1, -f 0, 1, 0, a 
eo, 6 hare | Ss a Ge 
iM 0, 0, 0 = we * s 
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» #@., 4L 4 0, 0, “et 
0, 0, 0, O|, 10, 0, 0, 0 
0, O, 1, ¢ a at 
j ~§ & 1 aed: 


(17) 
, 0 0, 0, 0, O 
0 >, 2 6 1 
a. @& or i =+4, G& 2 8 
_— . a °°, 6&6 1 
These give a pseudo-representation for, using (16) 
Z, = [xx’ — {(aa’ + By’)en + (a8’ + Bd’)ew + ya’ + by')en + (yB’ + 48’)e20}] 


[3 

iv — 76’, af’ — Ba’, By’ — da’, Bd’ — 58" 

1 oy — , of — bY, ve! — a7, VW — al’ 

» — 78’, ap’ — Ba’, By’ — ba’, Bd’ — 6p’ 
by’ — yd’, ad’ — By’, ya'—ay’, YB’ — ad’ 


a 
eo © 
oo 
om 


and, using (17) 


fod — ad’, ap’ —a’B, ad’ — By’, Ba’ — af’ 
aes by’ — yd’, vb’ — ba’, vd’ — by’, da’ — at 
2 | yp’ — ad’, 68’ — Bd’, ad’ — 7B’, Bd’ — 68’ 

ee —ya', Py’ — de’, ya'— ay’, ta’ —- A 


and Z,Z2 = 0, i.e. the matrices (16) and (17) give a pseudo-representation of the 
total matrix algebra. Nevertheless Z, is not a conjugate of Z, . 

There are two other matters which may be mentioned. In the group ring 
the characters are orthogonal. In the general case this is not so and a biortho- 
gonal relation takes its place. Suppose that the matrix equations 


> aj Xi; = 1, » aij Xie = 0, 8A] 
v 7 


can be solved for the a;,;. This will be so if the determinant | X;,; | regarded 
as a determinant in K is non-zero. Then the a’s and X’s are biorthogonal, viz: 


DL Xian =; Dy Xizons = 0; 
i 7 
ke aij XG, = Nn; ) Qi; Xi,k = 0, 
1 u 


where n is an element of K invariant in the class-ring; in the group ring it is the 
group order. 

The matrix ring generated by the a’s is not in general the same as that gene- 
rated by the X;,; but the two rings and the corresponding polynomials are 
related in a way which has some geometrical significance. 

The second matter of interest is that f = 0 is the reduced characteristic equa- 
tion of each of the matrix factors. If f = 0 is reducible in K, e.g. f = fife --- fs 





re 
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then the matrices may be constructed, as above, having each of these factors 
or any combination of them as reduced equations. These remarks will be 
illustrated by examples. 

{XAMPLE 1, 





| C1 C: 
C:1C: Cr 
C2 Co Ci + C2 





The characteristic equation is 
(18) a — x(2x, + x2) + (ai + mit — 23) = 


This may be factorized as 


x — (2% + 2%), Xe ik — 1, —22 | 
Xo , @©€- ay —X%e , © — (%1 + 2%) 


giving the true representations 


. = m & 1, O b> 8, = P 
0 1/’?\1 1)” 0 1)’ \-1 0 > = @n, VW 5 Xa, Xe 


respectively. The corresponding a;, ; are 


$,.- —1 3 1 i, = 
f the i, 3), ( 9 ’ ‘4, 4 5. (3 a: = Qi, ap, Q21, Q22 


| 
So 


_ 


ne respectively. The biorthogonal relations are: 
‘tho- 
nan + ®paw = 3} Ina + Xea2 = 0; 
Xya2 + Lyax» = 0; X21Q21 + Xo2A2 = 9; 
aunty + ant = 5; ante + ante = 0; 
rded 
viz: Apt + axt = 0; Qy%12 + aXe = 5. 
A different factorization of (18) 
4% — (2x1 + 22), 0 » M+ te, 
0 , &— (2%, + %), Xe =, 
s the —2 : Xe ; eo, Se 
v2 , “as 0 » & 
rene- 
3 are vc; 0 ’ me = 28 4 —IZe 
e., Se . — 22 , —2 
qua- z, —%. , & — (2%, + 2), 0 
e —I2, V1 + 72, 0 ’ - ee (2x1 + X2) 


fa 
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gives the pseudo-representations 


“oo war ‘a 
) ’ eo, —] 0, 1, -Il, 


0, 2 0 |. 
ae, © yes =h e ££ 
0, 1 0 


’ ’ 0 ’ 0 ~f, 1 ’ 0 ? 
. Co. & » @, & 8 
; Oy, ® * » 8, & 
= 0 2 ol 0 1 1 0 = U1, U2 , La, Xr 
+‘, ~1, & 2 \. «i, & 4 
for which it is readily verified that 
(xi2 = ee 12) (x22 — Xn — Xx) = 0; (xi1 — X11) (x21 — %1) = 0 


(Tu212 = X12) (1220 _ X22) = Q. 


EXAMPLE 2. The symmetric group of order 3. 
The reduced equation of the group-ring is 


[x — (4% + 322 + 2%3)|[a — (a1 — 23) |[e — (a1 — 3x2 + 223] = 0 


Taking the first two factors together and factorizing in matrices of order 2 we 
get as pseudo-representations 


3 -i\ /-3, 0\ 4/4 1\./0, \ 7, © 0, -1 
1, 0/’\-3, O/’ \2, 0/7’\-—1, 2/7’\3, -—3/’ \-2, 1 
= a1, V22, Voz 5 M31, 32, V3 


representatives of the classes (1), (12), (123). Writing the remaining factors as 


4 3, 0 (2 o\ =. a 
vu aS 


the biorthogonal set is: 
1, 0\ /1, 0\ (1, 0\./1, 0\ /-1, 0) (1, 0%. 
0, 1/’\0, 1/7’ \0, 1/7’ \-3, 47’ \-1, 07’ \8, —2/’ 
a —l1, 1 1, -3 
0, 4/’\0, O/’\0, -—2 
with 
Zz. Lj4j7aj = 3}, : x LijiAkj = 0; by ats = 3!, Zz, a uik = 0. 
7 i t i 


Similarly any other grouping of the factors of the characteristic equation leads 
to a pseudo-representation. 

The above pseudo-representations generate total matrix rings. 

We may also repeat one of the factors, e.g. corresponding to [x — (21 — 23) 
we have the pseudo-representations 


2, -—1\ (0, 0\ /-2, 1\./0, 1\ (0, 0\ (0, -1 
1, 0/’\o, 0/’\-1, 0/’\-1, 2/’\o, 0/’\1, -2 


These do not generate total matrix rings. 
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EXAMPLE 3. The symmetric group of order 4. 
Denote the classes (1), (12), (123), (12) (34), (1234) by C., Cs, C,, Cs, Ce 
respectively. Then the characteristic equation has as zeros 


a+ 66 + 8y + 36 + 6¢; a — 68 + 8y + 36 — Ge; a — 4y + 36; 
a + 28 — 6 — 2e; a — 26 —6 + 2e. 


Any combination of these gives a pseudo-representation, e.g. 
(a — 6)” — 4(8 — e)* gives 


2, -1 0, -2 0, 0 —2, 1 0, 2\. 

1 0/’\-2, 0O/’\0, 07’ \-1, 0/7’ \2, 0/7’ 

0, 1 y 2\ /0, 0\ (0, —1 0, -2 

—1, 2/’\2, 0/7’ \0, 0O/’\l, -2/7’\-2, O/]7° 
These generate simply isomorphic matrix-rings. 


EXAMPLE 4. The following set has the same representation as the symmetric 
group of order 2. 


abe 


Eo. A =a; Ci = a, C. = b,c mod R,. 
cib aa 
Then 
Cy 
C2 





and the characteristic equation is 
(x — 2% + 2a2)(x — x, — 2a,) = 0. 


Hence dividing the representatives by the class orders 1, 2, respectively we get 
1, 1, 1; 1, —1, —1, as representatives of a, b, c respectively. The class-ring is 
simply isomorphic with the group-ring generated from the symmetric group of 
order 2! in which C; > 1, C2 2(1, 2). Therefore the existence of a set of num- 
bers having all the properties of group-characters cannot be taken as evidence 
of the existence of a group having these as characters. 


Conclusion 


In addition to the analogy stressed above between the group characteristics 
and the linear matrix representatives of classes found by factorization of the 
characteristic polynomial of the class-ring there are many other fields in which 
the factorization of the m-ary p-ic may be applied. 

For example the theory of quadratic forms is known to depend on that of 
generalized quaternion algebras. This becomes apparent as soon as the form 
is factorized. There are also applications to the theories of algebraic functions, 
invariants and arithmetic. 
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ON HOMOTOPY TYPE AND DEFORMATION RETRACTS 


By R. H. Fox 
(Received October 1, 1942) 


It has recently been shown by J. H. C. Whitehead’ that two complexes X and 
Y belong to the same homotopy type’ if and only if there is a third complex W 
of which both X and Y are deformation retracts.’ I shall show that this theorem 
holds not merely for complexes but for the most general spaces for which con- 
tinuity has a meaning. The proof which I give is direct and constructive and 
avoids the extraneous notions of relative homology and relative homotopy 
groups which complicate Whitehead’s proof. 

The concept of homotopy type splits naturally into two concepts which I shall 
call right- and left-homotopy inversion. In theorems 3.3 and 3.4 I show that 
right-and-left inversion correspond respectively to deformation and retraction, 
thus replacing Whitehead’s theorem by two “component” theorems. The 
necessary preliminary study of deformation, retraction, and inversion is carried 
out in §§1 and 2, and the mapping cylinder, the fundamental tool of our theory, 
is defined in §3. It should be noted that Whitehead’s definition* of mapping 
cylinder is not really satisfactory for the general spaces considered here. 

The fundamental theoréms of this paper are theorems 3.1 and 3.2. They are 
generalizations of the theorems (3.3 and 3.4) discussed above. In §4 these 
fundamental theorems are applied (in another direction) to the Hopf-Pannwitz 
deformation and also to yield a new characterization of the closure of a homog- 
enous n-dimensional polyhedron. 

These theorems (3.1 and 3.2) are of considerable interest in themselves. 
They exhibit a duality which is quite striking and seem to indicate a relatively 
unexplored region which I might designate as ‘‘algebra of mapping classes”. In 
this connection they should be compared with the fundamental theorem of 
fibre spaces’ to which they bear an evident analogy. 

In §§5 and 6 certain specializations are considered. They are to be regarded 
as trends in the following two directions (a) bridging the gap between homotopy 
type and nucleus’ (b) bridging the gap between homotopy type and topological 
type. In §7 I develop an n-dimensional analogue of §3. This is in line with 





1J. H. C. Whitehead, Simplicial spaces, nuclei, and m-groups. Proc. London Math. 
Soc. 45 (1939), 243-327. The proof referred to is on p. 278. 
2W. Hurewicz, Topologie der Deformationen III. Proce. Akad. Amsterdam 39 (1936), 


p. 124. 
3K. Borsuk, Zur Kombinatorischen Eigenschaften der Retracte. Fund. Math. 21 (1933), 
p. 91. 


4 J. H. C. Whitehead, loc. cit., p. 259. 
5 W. Hurewiez and N. E. Steenrod, Homotopy Relations in Fibre Spaces, Proc. Nat. 
Acad. 27 (1941), p. 62, theorem 1. 
6 J. H. C. Whitehead, loc. cit., p. 247. 





th 
th 
on 
ho 


tio 
pre 
Eq(e 
ide 
is § 
be 

(1. 
tot 


ide 





al 
th 


ut. 





HOMOTOPY TYPE AND DEFORMATION RETRACTS 41 


the viewpoint of my Thesis,’ especially §§2 and 13; analogous definitions and 
theorems using homology and n-dimensional homology are quite obvious and are 
omitted. The n-dimensional homotopy was selected because the n-dimensional 
homotopy type seems to be related to the so-called (n + 1)-group® of Whitehead 
in much the same way that homotopy type is related to nucleus. 


1. Deformation and retraction 


Mappings’ f and g of a space A into a space D are said to be homotopic (nota- 
tion: f ~ g) if there is a mapping & (called a homotopy between f and g) of the 
product A X [0, 1] of A with the closed interval 0 < ¢ S 1 into D such that 
f(a) = f(a) and £,(a) = g(a) foreveryaeA. If A isa subset of D and f is the 
identity, so that f(a) = a, the homotopy £ is called a deformation and the set A 
is said to be deformable in D into g(A). If D = A we say merely that A can 
be deformed into g(A). 

(1.1)° If A can be deformed into B then a mapping f of A into itself is homotopic 
to the identity if (and only if) f | B® is homotopic to the identity. 

If — is a deformation of A into B and 7 is a homotopy between f | B and the 
identity then a homotopy ¢ between f and the identity is defined by 


f(a) = & (a), 0st 3, 
= no—st(Ei(a)), 3 -" t s ;, 
= f(&_-s:(a)), $sts1 


A subset B of a space A is said to be a retract of A if there is a mapping r 
(called a retraction) of A into B such that r | B is the identity mapping of B. If 
r is homotopic to the identity mapping of A then B is called a deformation 
retract’ of A, r is called a deformation retraction and the homotopy is called a 
retracting deformation. 

THEOREM 1.2. In order that B be a deformation retract of A it is necessary and 
sufficient that B be a retract of A and A be deformable into B. 

This follows from (1.1) by specializing f to be a retraction of A into B. 

The example of a point B contained in an n-sphere A(n 2 0) shows that B may 
be a retract of A without A being deformable into B. The example of an n- 
sphere B contained in an (n + 1)-cell A(n = 0) shows that A may be deformable 
into B without B being a retract of A. These two statements are equivalent 
to each other and to the Brouwer fixed point theorem.” 


7R. H. Fox, On the Lusternik-Schnirelmann Category, Annals of Math. 42 (1941), 333-370. 

8’ A mapping of a space A into a space D means a continuous function defined on A with 
values in D. 

® This lemma is a trivial generalization of Satz [Va Hilfsatz, Alexandroff and Hopf, 
Topologie, p. 251. 

10 The partial mapping f | B is the mapping of B defined by the rule {f | B}(b) = f(b) 
for every b ¢ B. 

11 See W. Hurewicz and H. Wallman, Dimension Theory, Princeton Mathematical Series 
4 (1941) Chapter 5, §1. 
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(1.3) If & is a deformation of an ANR-set’” A and B is the set of fixed points of 
£, then there is a homotopy ¢ between & = 1 and & such that the points of B are fixed 
under each of the mappings ¢:,0 St < 1. 

Let » be the map of (A X [0] + B X [0,1] + A X [1]) X [0, 1] into A de- 
fined by 


nu(a, 0) =a , 0su sl, aeA, 
[fua(@), O<st<u<l1, aeB, 
m(a, t) = 
(a : es e8 13 1, aeB,. 
m(a,1)=&(a) , OSuS1, ae A. 


Since ¢ is an extension” to A X [0, 1] of the map m, and since A is an ANR-set, 
it follows that there is an extension” ¢ to A X [0, 1] of m%. This deformation 
¢ has the required properties. 

THEOREM 1.4. If A and a subset B are ANR-sets then either of the conditions 
(i), (ii) 2s necessary and sufficient for B to be a deformation retract of A. 

(i) There is a retracting deformation & of A onto B such that the points of B are 
fixed under each of the mappings :,0 S$ ¢ <1. 
(ii) There is a deformation & of A into B such that §,(B) C B for everyO St © 1. 

The sufficiency of (i) and the implication (i) — (ii) are trivial. That condition 
(i) is necessary follows fram (1.3) by imposing the condition (A) = B so that 
£ becomes a retracting deformation. If (ii) is assumed then & | B and é | B are 
homotopic in B. Since B is a compact ANR-set and since & is an extension of 
£, | B to A (with values in B) it follows” that there is an extension r of £ | B to A. 
This extension r is clearly a retraction of A onto B. By (1.2) it follows that B 
is a deformation retract of A. 

Appreciation of theorem 1.4 is facilitated by consideration of several examples. 
The first example is due to Hopf and Pannwitz."” B is the pseudomanifold 
obtained by pinching a meridian of a torus to a point; A is obtained from B by 
spanning an equator with a 2-cell. A can be deformed into B but condition 
(ii) is not satisfied (hence B is not a deformation retract and condition (i) is not 
satisfied either). In the second example A is a bounded portien of the Cartesian 
plane and B is the set 


{0S 2 S1;y=0} + Dina (x =1/n;0Sy S51} + {x =0;0Sy 8 Vj, 


hence not an ANR. Condition (ii) is satisfied but B is nota retract of A, hence 
not a deformation retract of A. In the third example A is the set B of the 
previous example and B is the point (0,1). B is a deformation retract of A but 





12 R. H. Fox, A Characterization of Absolute Neighborhood Retracis, Bull. Am. Math. Soc. 
48 (1942), 271-275. 

13 If f is a mapping of X into Y an extension f* of f to a space X* D X is a mapping of 
X* into Y such that f* | X = f. 

14 The Borsuk-Kuratowski theorem: Fox, ibid, p. 273, and Dowker’s proof of Borsuk’s 
theorem: Hurewicz and Wallman, ibid, p. 86. 

% Alexandroff and Hopf, loc. cit. p. 287, fig. 23. 
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condition (ii) is not satisfied." In the fourth example A is as in the last example 
and B is the line segment {x = 0;0 Sy S 1}. Here B is a deformation retract 
of A. Condition (ii) is satisfied but not’® condition (i). 


2. Homotopy type 


Two spaces A and B are said to belong to the same homotopy type’ if there are 
mappings f of A into B and g of B into A such that the maps gf of A into itself 
and fg of B into itself are each homotopic to the identity (in A and B respec- 
tively). Belonging to the same homotopy type is an equivalence relation.” 

If mappings f of A into B and g of B into A are such that gf ~ 1 then g will 
be called a left homotopy inverse of f or, briefly, a left inverse of f and f will be called 
a right inverse of g. A two-sided inverse of f is a mapping which is both a right 
and left inverse of f. Thus A and B belong to the same homotopy type if and 
only if there is a mapping of A into B which has a two-sided inverse. 

TuroreM 2.’ If f has both right and left inverses then it has a 2-sided inverse. 

Let g’ and g” be left and right inverses respectively and let g = g’fg’’. Then 
of = 9'fo" f= lf =9'f ~1and fg = fo'fo” ~flg” = fo” ~1. 

It may happen, even for compact ANR-sets A and B, that no map of A into 
B has a 2-sided inverse although maps of A into B can be found with either right 
or left inverses. Let O denote the 1-sphere and 8 the figure-eight graph. Let 
A=8xX8xX8~xX-:--andlettB=OX8X8X:-: =OXA,s0 that A and B 
are compact ANR-sets.” The map f’ of A into B defined by f’(4, 2, ---) = 
(p,t,, t,---), p € O, has a left inverse g’ defined by g’(, 2, ---) = (te, ts, 
+--+), Themapf” of A into B defined by f” (4, t , ts, ---) = (a(t), t,6,---), 
where a maps 8 into O by folding the top down over the bottom, has a right. 
inverse g’’ defined by g” (4, fo, ts, ---) = (B(4), &, ts, ---) where 8 maps O 
homeomorphically onto the bottom half of 8. The fundamental group 7(A) of 
A is the infinite direct product F, X F, X F2 X --- and the fundamental group 


m(B) of B is the direct product F; K F2 K Fo K «+: = Fi XK m(A), where F; 
denotes the free group on 7 generators (¢ = 1, 2). Since 7,(B) has an element 
(a, 1, 1, ---) which commutes with every element of 7(B), and (A) has no 


such element, 7:(A) and 7(B) are not isomorphic. Hence” no map of A into 
B can have a 2-sided inverse. 
3. Mapping cylinder 


For any mapping a of a space” M into a space N let N + C. denote the space 
obtained from the space N and the cylinder M  X (0, 1] by identifying the point 





16 R. H. Fox, On the Lusternik-Schnirelmann Category, Annals of Math. 42 (1941), p. 362. 

17 This proof of the theorem was shown to me by M. M. Day who has proved a theorem 
on partially ordered sets by exactly the same method. 

18 N, Aronszahn and K. Borsuk, Sur la somme et le produit combinatoire des rétractes 
absolus. Fund. Math. 18 (1932), Theorem 6, p. 197. 

19 W. Hurewicz, Topologie der Deformationen III, Proc. Akad. Amsterdam 39 (1936), 

. 125. 

‘ 20 Unless otherwise specified spaces considered at the same time are mutually separated. 
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n ¢ N and the closed set (a ‘(n), 1) e M X [1]. Precisely, N + C, is the hyper- 
space” of the decomposition of N + M x [0, 1] into the points (m, t),0 < t < 1, 
of M xX [0, 1) and the (closed) sets n + (a(n), 1) of N + M X [1]. Denoting 
the identification mapping by 7, it can easily be proved that 7 | M and 7| WN are 
homeomorphisms and that 7 | (f{(J7) + M x [0, 1]) is the identification mapping 
of the induced decomposition of f(M) + M xX [0,1]. (Note that 7 | M x [0, 1] 
is not necessarily the identification mapping of the induced decomposition of 
M X {[0, 1}). Accordingly denote by C. the hyperspace of the induced de- 
composition of f(M) + M xX [0, 1] and consider C,., M and N as subsets of 
N + C, so that 7 | (M + N) is the identity mapping. (This justifies the nota- 
tion N + C,). I shall call N + C, the mapping cylinder’ of a; the symbol 
(m, t) will denote the point i(m, t) of C., so that m = (m, 0) and a(m) = (m, 1). 
If M and N are compact metric then so also is N + C,.” The dimension 
of N + C, is max {dim M, 1 + dim N}.” 

THEOREM 3.1. Let X, Y and Z be topological spaces and let 6 be a mapping of 
X into Z. If f is a mapping of X into Y then there is a mapping g of Y into Z 
satisfying gf ~ 0 if and only if 6 can be extended’ to Y + C;. 

If 6* is an extension of @ to Y + C; let g = 6* | Y. The homotopy é defined by 


E(x) = O*((z,t)), weX, OStS1, 





is a homotopy between &-= 6* | X = @ and & = 6*f = gf. 
Suppose, conversely, that a map g satisfying gf ~ 6 has been given and that 
£is a homotopy between @ and gf. Then the map 6* of Y + C; into Z defined by 


6*((x, t)) = E1(x), (zx, t) € Cy ’ 
a*(y) = gy), ye Y, 
is an extension of @to Y + C;. 6*| C;is continuous because if V is an open set 
of Z then f ‘(V) is an open set of X X [0, 1] which is the union of sets of the 
decomposition {i '((2, £))}. 

THEOREM 3.2. Let X, Y, Z, and @ be as in theorem 3.1. If g is a mapping of 
Y into Z then there is a mapping f of X into Y satisfying gf ~ 0 of and only af 6 
is homotopic in Z + C, to a map of X into Y. 

Let w denote the homotopy in Z + C, between the identity mapping of Y and 
the mapping g; explicitly 


wily) = Cy, t), ger’,O0gt & 1. 


If 6 ~ 6’ inZ + C, where 6’ (X) C Y then 0 = 0’ = a6’ ~w &’ = gd’. Thus 
a mapping f satisfying gf ~ 0 is the mapping f = 6”. 

If, conversely, there is an f such that gf ~ @ then 6 ~ gf = orf ~ wf = f; thus 
f isa map of X into Y which is homotopic in Z + C, to the given map @. 





21 Alexandroff and Hopf, loc. cit. p. 63. 
22 Tbid., p. 96-99. 
23 Kuratowski, Topologie I, p. 127. 
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On choosing Z = X and @ = 1 in theorem 3.1 we have 

THEOREM 3.3. X is a retract of Y + C; if and only if f has a left inverse. 

On choosing Z = X and 6 = 1 in theorem 3.2 and observing that Z + C, can 
be deformed into Z by the homotopy 


E((y, s)) = (y, s+ t(1 ues s)), (x, s) € C,, 


£.(z) = 2, zeZ, 


we have 

THEOREM 3.4." Z-+C, can be deformed into Y if and only if g has a right inverse. 

Comparison of theorems 3.3 and 3.4 shows a curious “duality”? between 
deformation and retraction. 

(3.5) There is a mapf of X into Y such that X is a retract of Y + C; if and only 
if there is a map g of Y into X such that X + C, can be deformed into Y. 

This is a corollary of the more general “duality” implied by 3.1 and 3.2. 

(3.6) There is a map f of X inte Y such that 6 can be extended to Y + C; if and 
only uf there is a map g of Y into Z such that 6 is homotopic in Z + C, to a mapping 
of X into Y. 

From theorems 1.2, 2, 3.3, and 3.4 follows 

THEOREM 3.7. X is a deformation retract of Y + C; if and only if f has a 2-sided 
inverse. 

This theorem shows the practical equivalence of the two concepts, deforma- 
tion retraction and homotopy type. To emphasize this I restate theorem 3.7. 

THEOREM 3.8. Two spaces X and Y belong to the same homotopy type if and 
only uf they can both be imbedded in a third space W in such a way that they are both 
deformation retracts of W. The dimension of W need not be larger than max 
{dim Y, 1 + dim X}. 

By induction there follows 

(3.9) If the spaces X,, --- , Xx belong to the same homotopy type then there is a 
space W of which each X; is a deformation retract. The dimension of W need not 
be larger than 1 + max;-,...,x {dim X;}, or than max;-1,...,, {dim X;} of only one 
X; has the maximum dimensionality. 

I conclude this section with an example illustrating the utility of theorem 
3.7. Let T be a 2-simplex with vertices a, b, c and let E be the 2-dimensional 
complex resulting from T by an identification (denoted by 2) of the side ab with 
the side bc and with the side ac. From general theorems it is known that E 
is contractible. I will now show how to construct, explicitly, a contraction” 
of E. Let A be a small 2-simplex in the interior of HE = 7(T7). The projection 
f from an interior point of A maps X = A” onto Y = i(7). Both X and Y are 
l-spheres and Y + C; = E — (A — A). Since f is homotopic to a homeo- 
morphism of X on Y, f has a 2-sided inverse. Hence, by theorem 3.7, X is a 

24 Equivalently: Z can be deformed into C, — Z if and only if g has a right inverse. 

% The contractibility of this example was shown by K. Borsuk, Uber das Phénomen der 
Unzerlegbarkeit in der Polyedertopologie. Comm. Math. Helv. 8 (1935), §3, p. 148. 

26 The dot denotes the boundary operation, as in Alexandroff and Hopf, loc. cit. 
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deformation retract of Y + C;. By theorem 1.4 the retracting deformation 
may be chosen so that it leaves the points of X fixed throughout the deformation, 
Thus A is a deformation retract of E. Since A is contractible it follows that E 
is contractible. 


4. The Hopf-Pannwitz deformations 


A space A is said to be inessential’’ relative to a subset B if there is a deformation 
of A into a proper subset of itself such that the points of B remain fixed during 
the deformation. 

THEOREM 4.1. Let f be a mapping of X into Y such that Y + C; ts an ANR-set 
and suppose that f has a right inverse. If V is a proper subset of Y + C; (which 
contains X) and his a mapping of Y into V such that hf ~ 1 in V then Y + C; is 
inessential relative to X. 

On choosing Z of theorem 3.1 to be the set V we have that the identity map 
of X can be extended to a map of Y+C; into V. Let this extension be denoted 
by \. Since f has a right inverse it follows from theorem 3.4 that Y + C; can be 
deformed into X. Hence, by 1.1,\ ~ lin Y + C;. Thus there is a deforma- 
tion 7 of Y + C; such that 7 =. By 1.3, n can be so chosen that 7; | X = 1 
forevery0 St<1. Thus Y + C; is inessential relative to X. 

Let X be the graph consisting of two circles S; and S2 joined by an are and 
let Y be a 2-cell. Let f-be the map of X into Y which maps the arc into a point 
of the boundary Y** of Y and maps each of the circles homeomorphically onto 
Y. Since Y is contractible, f has a right inverse. A map h satisfying the condi- 
tion of theorem 4.1 is a map of Y into a point of X, where V = X + 
Y + Cyi(s,4s,). (It is easy to verify that X can be contracted in V.) Hence, 
by theorem 4.1, Y + C; is inessential relative to X. Let K be the space ob- 
tained from a torus by spanning a meridian with a 2-cell and an equator with 
a 2-cell. It is easy to see that the mapping cylinder Y + C; just constructed 
is a subset of K in such a way that (K — (Y + C;)):(Y + C;) = X. Hence 
we deduce that K is inessential. This gives a new and simple proof of a defor- 
mation theorem of Hopf and Pannwitz.” 

If Y is a point then a mapping of Y into a point of X is a right inverse of f. 
Hence, on choosing h(y) e X, we have 

THEOREM 4.2. If f maps the ANR-set X into a point of Y and if X can be 
contracted in a proper subset of Y + C; then Y + C; is inessential relative to X. 

By choosing X to be the graph described above, theorem 4.2 yields a new 
proof of another example of Hopf and Pannwitz. 

If Y is a point and f(X) C Y then Y + C; = C; is called the cone of X. A 
homogeneous n-dimensional polyhedron K is said to be closed” if for some co- 
efficient domain there is an n-cycle whose carrier” is K. 





27 Alexandroff and Hopf, loc. cit. p. 521. 

% Tbid, p. 525. 

29 Tbid, p. 274. 

30 Tbid, p. 169 where the carrier for C is denoted by | C |. 
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THEOREM 4.3. The homogeneous n-dimensional (n > 0) polyhedron K is 
closed if and only if K can not be contracted in any proper subset of its cone. 

If K cannot be so contracted that K is closed by theorem 4.2 and a theorem of 
Hopf and Pannwitz.’ Suppose K were closed and could be contracted in a 
proper subset of the cone. Then a continuous (n + 1)-chain, covering a proper 
subset of the cone, could be found whose boundary cycle has K for its carrier. 
Since every n-simplex of K lies on exactly one (n + 1)-simplex of the cone and 
conversely, this is impossible. 

The absolute boundary” of a homogeneous n-dimensional polyhedron K is 
made up of those simplexes which, for every coefficient domain, carry the 
boundary of every n-chain whose carrier is K. 

THEOREM 4.4. A point p of a homogeneous n-dimensional (n > 0) polyhedron 
K belongs to the absolute boundary of K if and only if the boundary of its star st(p) 
can be contracted in a proper subset of st(p).” 

Since st(p) is the cone of the boundary of st(p) this is a consequence” of 
theorem 4.3. 


5. Special deformation retracts and homotopy type 
Let 
p((x, s)) = f(x), (a, 8) € Cy, 
ply) = y; ye. 

I shall say that a retracting deformation ¢ of Y + C; into X is special if 

&|X=1, OsSts1 and 

p(E(f(x))) = p(&((z, t))). 
A two-sided inverse g of f I will call special if there are homotopies F and G 
such that in addition to the usual conditions 

Fo(z)=2, Fi)=gf@), Gy)=y¥ Gly) = fo) 
the condition 
f(Filx)) = GAf(@)) 


is satisfied. 
THreorEM 5. In order that f have a special 2-sided inverse it is necessary and 
sufficient that there exist a special retracting deformation of Y + C; into X. 





31 Ibid, p. 521. 

32 Thid, p. 285. 

33 The star of p is the union of the closed simplexes of K which contain p. The boundary 
of st(p) is the union of those closed simplexes of K which are contained in st(p) and do not 


contain p. 
34 Tbid, Satz XIV, p. 285. 
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Suppose first that ¢ is a special retracting deformation of Y + C;into X. Let 
gy) = f(y), yeY, 
Fi(x) = &((2, t)), xe X, 0 1, 
Gly) = p(E(y)), ge¥, O4tS 1. 


Clearly Fo(x) = &((x, 0)) = &(2) = 2; Fila) = &((x, 1)) = &f(x) = g(f(2)); 
Goly) = p(fo(y)) = p(y) = y; Gly) = p(éx(y)) = = p(g(y)) = e((g(y), 0)) = fQ(y)). 
Also fF (x) = f(&((x, t))) = p(&i((zx, ))) = plE(f(@))) = GAf(2)). 

Conversely suppose g, F and G are given satisfying f(F.(x)) = G.(f(2)). 
A retracting deformation & of C; is defined by 


t 


IA 
IA. 


IIA 


Eu((z, y)) = Feusn:(2), Ost 2u/(Qu+1)j0su 1/2, 
= (F2,(x), (Qu + 1)t — Qu), Qu/(Qu+1)st51,0Su 1/2, 
= F,,(2), 0<t¢<1/2,1/2<u 1, 
= (g(f(x)), (24 — 1)(2 — 2u)),1/2StS1,1/2susl 


It is easy to verify that this definition is consistent. When 0 S u S 1/2 we 
have &,(f(x)) = &u((2, 1)) = (Fou(x), 1) = f(Feu(x)) = Gou(f(x)) and when 1/2 
u < 1 we have é..(f(x)) = @f(x), 2 — 2u). Hence I may consistently define 


Eu(y) = Gay), 0<uS 1/2, 


and thus extend £ to a retracting deformation of Y + C; into X. For every 
0 <u <1 we have é,(zr) = &,((z,0)) = Fo(x) = x. Thus é, | X = 1 for every 
0 <ul. Finally I show that p(é(f(x))) = p(&((z, t))). When0 St < 1/2 
we have p(E:(f(x))) = p(é((x, 1))) = p((Fee(x), 1)) = (Fae(x)) = (E(x, é))) and 
when 1/2 S t S 1 we have p(é:(f(x))) = p(&((x, 1))) = p((g(f(a)), 2 — 2t)) = 
e((g(f(z)), 0)) = p(éi((z, t))). 


6. Mappings with e-inverses for every ¢ 


A homotopy é in a metric space B is called an e-homotopy” if d(E:, (x), £.(x)) < 
e for every t, tf € (0, 1] and z e ¢"(B). Accordingly if X and Y are metric 
spaces and “+ and g are mappings, of X into Y and Y into X respectively, such 
that gf ~e 1 (~¢ denotes e-homotopy) then I will call g a left e-inverse of f and 
fa salte e-inverse of g. The property of having a left or right e-inverse for 
every ¢ > 0 is topological. 

Assume now that the mapping cylinder Y + C; is metrizable and has been 
metrized. This is the case, for instance, if X and Y are compacta. 

TuHEorREM 6.1. A mapping f of X into Y has a left e-inverse for every ¢ > 0 
if and only if f is a homeomorphism and for every © > O the identity mapping of 
f(X) is isaac in f{(X) to a map extendable to Y. 


% Tbid, p. 348. 
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If g® is a‘ left e-inverse of f then f(x) = f(a) implies that d(x, x2) < 
d(x , 9° (f(a1))) + d(g®(f(x2)), 22) < 2e. Hence if f has left e-inverses for every 
e > O then f must be one toone. If {a,} C X and f(x.) > f(x) then g®(f(ax)) 
g°(f(xo)) for every € > Oask — @~ and g*(f(x;.)) — 2, uniformly in k as e > 0. 
Hence x; — x» so that f isa homeomorphism. For every e > 0 there isaé > 0 
such that fo’ f-' ~ef 1f-' = linf(X). Hence the mapping fg’ | f(X) is extend- 
able to Y and also e-homotopic to the identity. 

It is no loss of generality, in the proof of the converse, to assume that X C Y 
and f = 1. The maps g* of Y into X such that g® | X ~- 1 in X are easily seen 
to be left e-inverses of f. 

(6.2) If X ts, in addition, an ANR-set then f has a left e-inverse if and only if f 
is a homeomorphism and f(X) is a retract of Y. 

This follows from (6.1) and a theorem™ of Borsuk-Kuratowski-Dowker. 

THEOREM 6.3. In order that f have a right e-inverse for every ¢ > 0 it is neces- 
sary and sufficient that Y be e-deformable*® into C; — Y for every « > 0. 

If, for every 5 > 0, g’ is a right 6-inverse and G’ is a 6-homotopy such that 
Gi(y) = y and Gi(y) = f(g’(y)) then, for preassigned ¢ and sufficiently small 4, 
the deformation ¢ defined by 


f(y) =Gi.(y), yeY, O<t<1/2, 
= (g’(y), 1 — (2-15), yeY, 1/25#81, 


is an e-deformation of Y into C; — Y. 

Let v((x, t)) = x for every (x, 1) eC; — Y. If, for every 6 > 0, & is a 6-de- 
formation of Y into C; — Y then, for preassigned e and sufficiently small 6, 
the mapping g of Y into X defined by 


gy) = vty), ye, 


is a right e-inverse of f. 

Note that the condition of theorem 6.3 implies that f(X) = Y. Hence 
(6.4) If X is compact then f has a 2-sided e-inverse for every ¢ > 0 af and only if 
f is a homeomorphism of X onto Y. 


7. Analysis of n-homotopy type 


Mappings f and g of A into B are called n-homotopic” if for every n-dimen- 
sional polyhedron P and mapping ¢ of P into A the mappings f¢ and g@ are 
homotopic. The symbol ~” will denote n-homotopy. 

THEOREM 7.1. Let X, Y and Z be topological spaces and let 6 be a mapping of 
X into Z. If f is a mapping of X into Y then there is a mapping g of Y into Z 
satisfying gf ~" 6 if and only if 6 is n-homotopic to a mapping which can be 
extended to Y + C;. 

If 6* is a mapping of Y + C; into Z such that 6* | X ~" @ then the mapping 
g = 6*| Y satisfies gf ~" 0. In fact gf = 6*|(X, 1) ~ 6*|(X,0) = o* |X ~’ 8. 


36 T.e. the deformation is an e-homotopy. 
37 R. H. Fox, On the Lusternik-Schnirelmann Category, Annals of Math. 42 (1941), p. 344. 
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Suppose, conversely, that gf ~” 6. Define 
O*((x, t)) = g(f(x)), (x, t) e Cy, 


a*(y) = gly), ye. 
Then 6*X = gf ~" 0. 

THEOREM 7.2. Let X, Y, Z and @ be as in theorem 7.1. If g is a mapping of 
Y into Z then there is a mapping f of X into Y satisfying gf ~”" 0 if and only if 6 
is n-homotopic in Z + C, toa mapping of X into Y. 

The proof can be constructed from that of theorem 3.2 by changing the ap- 
propriate homotopies to n-homotopies. 

If gf ~" 1 the mapping g will be called a left n-homotopy inverse and f will 
be called a right n-homotopy inverse. If f has a 2-sided n-homotopy inverse 
X and Y will be said to belong to the same n-homotopy type. If X and Y are 
compact AN#-sets then g is a left (right) inverse of f if and only if g is a left 
(right) n-homotopy inverse of f for every n < 1 + dim X (for every n < 1 + dim 
y)® 
(7.3) f has a left n-homotopy inverse if and only if the identity mapping of X is 
n-homotopic to a map which is extendable to Y + C;. 

(7.4) g has a right n-homotopy inverse if and only if Z + C, can be n-deformed 
into Y. 

By the argument of (1.1) it follows from (7.3) and (7.4) that 
(7.5) X and Y belong to the same n-homotopy type if and only if there is a space 
W > X + Y, of which Y is a deformation retract, and a mapping h of W into X 
such thath ~" 1 in Wandh|X ~"1inX. 

For example a 2-sphere X and a point Y belong to the same 1-homotopy type. 
Here a space W is a 2-cell of which X is the boundary and Y is the center. 
Spaces which belong to the same n-homotopy type have isomorphic k-dimen- 
sional homotopy groups for k S n. 


UNIVERSITY OF ILLINOIS. 





38 Tbid, theorem 13, p. 344. 
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ON THE DEFORMATION RETRACTION OF SOME FUNCTION SPACES 
ASSOCIATED WITH THE RELATIVE HOMOTOPY GROUPS 


By Raupu H. Fox 
(Received October 1, 1942) 


The homotopy group 7"*'(B, C) = x"*'(B, C, d), (n = 1), of an arewise 
connected’ space B relative’ to an arcwise connected’ subset C with base point 
d eC may be defined as the fundamental group of a certain space’ §"(B, C, d). 
The group 7""'(B, C) is independent of the base point d in the sense 
that r"*'(B, C, d;) and r"*'(B, C, dz) are isomorphic. Hurewicz demonstrates 
this by showing that §”"(B, C, d:) and §"(B, C, d:) belong to the same homotopy 
type. According to my generalization‘ of Whitehead’s theorem these function 
spaces are therefore deformation retracts of some containing space W. The 
containing space W constructed by this method is a subset of the function space 
§"(B, C, D), where D is the arc, with end-points d, and d:; which appears in 
Hurewicz’ (unpublished) proof. This suggests that §”"(B, C, di) and §”"(B, C, de) 
may be deformation retracts of §"(B, C, D) itself. 

It will be shown below that this is indeed the case, at least if B and C are com- 
pact ANR-sets. (The reader will note that the reasoning can now be reversed 
to deduce the independence of 7"**(B, C) of the base point.) Furthermore 
deformation retraction of B or C induces deformation retraction of §"(B, C, d), 
hence leaves 7”*'(B, C) unaltered. Before plunging into the proof I generalize 
the spaces §"(B, C, D) by (a) generalizing the antecedent cells and cell- 
boundaries to arbitrary topological spaces, and (b) removing the dependence 
of §”" on the obviously irrelevant number three. Thus we might loosely describe 
the investigation as a study of the relationship between deformation retraction 
in the image space and deformation retraction of the function space. 





1 This slight restriction, which is not required for the definition of the group, simplifies 
our discussion. 

2 The absolute homotopy group 7”*!(B) = 2x"*1(B, d), whose definition may be obtained 
from that of the relative group by identifying B with d, may be discussed analogously. 

3 The set of continuous functions defined on a topological space X with values in a metric 
space Y is denoted, as usual, by the symbol Y*. If X is compact or Y is bounded the well 


known formula 
d(f, g) = supreald(f(z), g(z))} 
makes YX a metric space. If either X or Y is compact then topologically equivalent 
metrics of Y induce equivalent metrics of Y* so that the topology of Y* is then independent 
of the metrization of the topological space Y. ; 
Let E” denote the n-cell:0 S 2; S$ 1,1 = 1,2,---, n and HE” its boundary: ais xi(1 — 2;) 


= 0. If D is any subset of C, the symbol §"(B, C, D) denotes the subset of B®" which 
consists of those mappings f for which f(Z”) C C and f(£" — E™”) CD. 

4R. H. Fox, On Homotopy Type and Deformation Retraction, this volume, p. 45, 
theorem 3.8. 
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The three lemmas are contributions to the theory of fibre spaces’ and, except 
for notation, are independent of the rest of the paper. With reference to lemma 
3 it should be pointed out that a certain theorem of Borsuk®, published four 
years before fibre spaces’ had been discovered, is, when restated, seen to be a 
far-reaching result on fibre spaces. Borsuk’s fibre theorem reads: If B is a 
compact ANR-set and A’ is closed in A then the operation f > f| A”, f « B* 
is a fibre mapping of B* into B*’. I have recently discovered a very simple 
proof of this theorem which will appear elsewhere together with a discussion of 
its place in fibre space theory. 

Let A (A a non-negative integer) denote a topological space and B, a metric 
space with either A, compact or B, bounded. Consider a decreasing sequence 


ASA Ss BED. DAW, 0 <u a) 
of subsets of A, and a corresponding sequence 
SSS SKS. SR. 


of subsets of B,. Let By be a subset of By which contains B_; if u ~ 0. For 
0 <i SX I shall use the symbol §; to denote the subset of B?* which consists 
of those mappings f for which 


f(A;) CB; for —w» Sj 8%, 


and the symbol %; for the subset of %; which consists of those mappings f € %; 
which satisfy the additional requirement 


f(A) CB. 


Let h be a deformation of By, into By which deforms each of the 
subsets B_1,--- , B_, within itself. Thus h « BO°*%"” such that 


hty) =y for yeB, 
(1) hi(Bo) Bo, 
\A(B..) CB, for OSt<1, -npS —-» 


IIA 
—) 


The existence of this deformation is assumed from now on. 
THEorEM 1. If By is closed and B,, --- , By are ANR-sets* closed in B, then 
sa, can be deformed into % , 





5 W. Hurewicz and N. E. Steenrod, Homotopy Relations in Fibre Spaces, Proc. Nat. Acad. 
27 (1941), 61-64. The earlier definitions of H. Whitney (sphere-spaces, sphere-bundles 
and fibre bundles) required the fibres to belong to the same topological type. Other defi- 
nitions—see B. Eckmann, Zur Homotopietheorie gefaserter Réume, Comm. Math. Helv. 14 
(1941), 141-192, for references—require compactness assumptions. 

6 K. Borsuk, Sur les prolongements des transformations continues, Fund. Math. 28 (1937), 
99-110. 

7R. H. Fox, On Homotopy Type and Deformation Retraction. loc. cit., footnote 10. 

8 R. H. Fox, A Characterization of Absolute Neighborhood Retracts, Bull. Am. Math. Soc. 
48 (1942), 271-275. 
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Since Bo is closed in the ANR-set B, the deformation h of By can be extended 
to a deformation of B, (in itself)*. Since B; is closed in the ANR-set Bj41 
(i = 1,2, --- , A — 1) the same argument shows that when h has been extended 
stepwise to a deformation of B; it can be further extended to a deformation of 
Biz1. Let h* denote the deformation of B, which is the final result of this 
sequence of extensions. Thus h* e By>*"” such that 


ho(y) =y for yeB, 
(2) hi (Bo) © Bo 
hi(B: CB; for OSt<S1, —p 


lA 
lA 
> 


For every x € Ay and f e § define 
(3) gi (x) = hi (f(z). 


The function ¢ is a deformation of % into § . 

THEOREM 2. Jf Ay, --- , A, are ANR-sets closed in A, then § is deformable 
into $y . 

First I construct a deformation r of A, which is a neighborhood retracting 
deformation of Ao and which deforms each A;(—yu S 7 S X) within itself. The 
construction is inductive; the mapping 


°R(x) = x for xeAo 


is a deformation of Ao which is a neighborhood retracting deformation of Ag 
and which deforms each A;(—yu S 7 S 0) within itself. Since Apo is a neighbor- 
hood retract of A, there is a closed neighborhood Us of Ao in A) and a retraction 
pof Uy onto Ao. Suppose that ’R « A??*"" ( <j < X) such that 

R(x) =a for reA;, 

(A; CA; fon OStS1 and —p Si Sj, 

*Ri(xz) = p(x) for xeU;-A;, 


where U; isa closed neighborhood of A» in Up (hence in A). Define 
1So(x) =a for zeAju, 
1S.(z) = "R(x) for (2, t) eA; X (0, 1], 
78\(x) = p(x) for xe U;-Aju. 


Since A j41 X [0] + A; X [0, 1] + U;-Aj+i X [I] is closed in A ;4: X [0, 1] and 
Ais, is an ANR-set, ’S can be” extended to a map ’S* of a neighborhood V; 
(into Aj;41). Let U;4: be a closed neighborhood of Ao in U; (hence in A,) such 
°R. H. Fox, On Homotopy Type and Deformation Retraction. loc. cit. footnote 14. 
10 R. H. Fox, A Characterization of Absolute Neighborhood Retracts, loc. cit. p. 273. 








54 RALPH H. FOX 


that 
. Uji Aju X [0, 1] C V;, 
and define 


T(z) =a for reAju, 
T(x) = *Si(x) for (a, t) e Uj41-Aju X (0, 1]. 


Since ’7 is homotopic to the identity mapping of the closed set 
Ajai X [0] + Uj41- Ajai X [0, 1] and A j4: X [0, 1] is an ANR it follows’ that ‘7 
can be extended to Aji: X [0, 1]. Let ’*R denote the extended mapping, 
But 7"'R ¢ Ajif!*"™ such that 


R(t) =x for reAju, 
R(A:) CA: for OStS1 and -—~pSisj+tl, 
P(x) = p(x) for re Usa Aju. 
This completes the induction; let r = *R so that 
mo(x) =a for reA), 
(4) r(A;)C A; fo OStS1 and —yp Si 
lri(z) = p(x) for reU,. 


Let 6 € [0, 1]** such that 6(A, — U,) = 0 and 6(Ay) = 1". A deformation of 
%, into §% is defined by the formulae 


oi (x) = f(ra(z)) for 0 <t<1/2,reA,, 
(5) = hayum(f(i(z))) for 1/2StS1,reU,, 
=f(ri(z)) for 1/2S¢81,r€A, — Uy, 


lA 


A, 


where f €  . 

Given a topological space X and metric space Y I shall say that a mapping 
xe Y~ is a fibre mapping if X is a fibre space’ over r(X) C Y relative to rz. 
This implies, of course, that +(X) is open and closed in Y.” 

Lemma 1. If x is a fibre mapping of X into Y and X’ is the complete inverse 
image of some subset Y’ of Y then x | X" is a fibre mapping of X’ into Y. 

The proof is immediate. 

Lemma 2. If x is a fibre mapping of X into Y and zp is a fibre mapping of Y 
into Z whose slicing function is uniformly continuous in y and z together then 
mm, ¢Z isa fibre mapping. 

According to the definition there exist « , « > 0 and slicing functions ¢1 , ¢ 
such that 


oi(x, y) € 71 (y) and is defined whenever d(m(x), y) < 4, . 
go(y, 2) € m2 (z) and is defined whenever d(m2(y), z) < e, 
di(x, m(x)) = x and goly, m(y)) = y. 





11 Urysohn’s Lemma. 
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Choose « < € so small that d(@e(z, z), do(x, 2’)) < « whenever d(z, 2’) < e; this 
is possible because of the uniform continuity of ¢.. Let 


(6) $(x, z) _ oi(x, $2(m (x), z)). 
This is defined whenever d(m2m(x), z) < «. Furthermore 


ToT P(X, 2) = mo(midi(x, $o(mi(x), z))) 
= m2(¢2(m(2), 2)) 
= Zz, 
and 
o(x, momi(x)) = gi(z, b2(mi(x), memi(x))) 
= ¢i(2, m(z)) 


= 2. 


Let 2;; be the mapping of §;. into §;(¢ = j) defined by m;(fi) =fi| As fi eR 

Lemma 3. If Ao, +--+ , Ay-1 are closed and B,, --- , By are compact ANR-sets 
then m0 is a fibre mapping”. 

By the proof of a theorem of Borsuk® [in particular, formulae (8) p. 101 
(which should read: g*(p) = 1 — rale(p) + vo (p) — g(p)]}), 1. 11 p. 102 (which 
should read a(x) = {y'*'”(x)}) and 1. 6. p. 103] the mapping f; > f; | Ais’, fi e BY, 
1 <i S dis a fibre mapping. Moreover [the previously mentioned formulae, 
(1) p. 100 and modification of the proof of theorem 2 to the extent of replacing 
the neighborhood U last line p. 102 by a closed neighborhood so that the re- 
traction r is uniformly continuous] the slicing function for this fibre mapping 
is uniformly continuous. 

But the inverse image of §:-1 under the mapping is precisely §;. Hence, by 


lemma 1, 7; ;-; is a fibre mapping. Hence, by lemma 2, mo = mio m1 +++ ™a-1 
is a fibre mapping. 
THEOREM 3. If Ay, --- , Ax-1 and By are closed and B,, --- , By are compact 


ANR-sets and if h.(y) = y for every y « Bo, 0 < t S 1 then § is a deformation 
retract of §y . 
Let w ¢ 0%"! defined by 


(7) Vi(x) = hf(x) for OStS1, xeAo and fehr. 
I shall show that ¥(%, X [0, 1]) [ mo(%a). In fact 


Vi = tov), 
v(x) = f(x) for xeAo, 





12 Since the image set of a fibre mapping is open and closed it follows from R. H. Fox, 
A Characterization of Absolute Neighborhood Retracts, loc. cit. footnote 3 that the compact- 
ness of B, is essential to this lemma. 
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and y ¢ % for every fixed ¢ €[0, 1]. Suppose, inductively, that for every fixed 
f ¢ & there is a map ‘y = ‘WY’ « BUX"). 9 < 7 < X, such that 


mV) =W=V for0 St $1, 
‘Yo(x) = f(z) forre Ai, 
Vie Fi for every fixed ¢ « [0, 1]. 
Let ie6ca) = Vi (x) for (x, t) € Ai X [0, 1}, 
f(z) for (x, t) € Aisi X [0). 


Since ‘¢’ is homotopic to the map ‘7’ defined by 
‘ni(x) = f(z) for (2, t) € Aiwa X [0] + Ai X [0, 1], 


since ‘yn’ can be extended to Ais: X [0, 1] and since ‘ maps the closed subset 
Ais X [0] + Ai X [0, 1] of Aiy: X [0, 1] into the compact ANR-set B,41, it 
follows’ that ‘¢’ can be extended to a map **'y of Ais: X [0, 1] into Bi4:. But 
miso Wt) = molt iC W)) = Wi forO0 <t <1, 


“yh(c) = ‘eh(x) = f(x) for xe Ais, 
‘HY! € Sia. for every te (0, 1], 


and this completes the induction. 

Since Bo is compact, y « BAX (0.11 is a uniform homotopy’. By the previous 
lemma 7 is a fibre mapping. Therefore, since ¥(%, X [0, 1]) € mo(Fa), it 
follows by the covering homotopy theorem’ that there is a mapping ¢ € Bax [0.11 
such that 


¢) =f for every few, 
™ro() = Y, 
$1 € % forevery fet. 


Thus ¢ is a deformation of % (within itself) into % . 

If f « § then f(x) € Bo for every x € Ao, hence yj = h.f is independent of ¢. 
Hence, by the covering homotopy theorem’, ¢/ is independent of ¢. Hence, 
for every fet, 


f f 
gd: = oo =f. 
. . . . . F s . 
Hence ¢ is a retracting deformation (which leaves the points of §, invariant). 
es ‘ “a 
COROLLARY. % ts a deformation retract of § if Ao, +--+ , Ax-1 are closed, 


Bs, Be, Bs , ++ , By, are compact AN R-sets and h is a retracting deformation. 
For under these conditions h may be assumed to satisfy” the condition of the 
preceding theorem in addition to (1). 


UNIvErRsITy oF ILLINoIs, URBANA, ILL. 





13 Tbid, Theorem 1.4. 
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ON PERMUTATION GROUPS OF PRIME DEGREE AND RELATED 
CLASSES OF GROUPS 


By RicuHarp BrRAvER* 
(Received June 17, 1942) 
Introduction 


The transitive permutation groups of prime degree p appear as the Galois 
groups of the irreducible algebraic equations f(x) = 0 of degree p. This is the 
reason that these groups have been the subject of a large number of investiga- 
tions. However, only few results of a general nature have been obtained. In 
the present paper, the theory of group representations’ will be applied in order 
to derive some new theorems concerning the structure of these groups. Actually, 
the method can be used for the study of a wider class of groups, viz. the groups 
G of finite order g which have the following property: 

(*) The group © contains elements P of prime order p which commute only with 
their own powers P". 

It is clear that transitive permutation groups of degree p have the property 
(*). Secondly, the doubly transitive permutation groups of degree p — 1 are 
of this type.’ A third example is furnished by the irreducible linear groups in a 
p-dimensional vector space whose center consists of the unit element only, in 
particular by the simple linear irreducible groups in p dimensions (cf. section 7). 

It is easily seen (section 1) that the order g of a group @ with the property (*) 
is of the form 
(1) g = (p — 1)p(1 + np)/t 
where ¢ and n are integers and where ¢ divides p — 1. The group © contains 
exactly 1 + np conjugate subgroups of order p, and each of them has a nor- 
malizer of order p(p — 1)/t. In section 2, the normal subgroups of @ are 
studied, in particular the first commutator-subgroup ©’ and the second com- 
mutator-subgroup &” of G. Two cases must be distinguished: 

CasEI. The group & contains a normal subgroup S of order 1 + np. 

We shall show that G/S then is a metacyclic group of order p(p — 1)/t; 
the group S possesses an outer automorphism of order p which leaves only the 


* Fellow of the John Simon Guggenheim Memorial Foundation. 

1 We may mention here the work of Mathieu, C. Jordan, Sylow, Frobenius, Burnside, 
G. A. Miller. Cf. also E. Pascal, Repertorium der héheren Mathematik, Vol. I, part 1, 
2nd German edition, Leipzig 1910. 

2 In this paper, the notation ‘‘representation of a group”’ always means a representation 
of the group by linear transformations of a vector space over the field of complex numbers 
(or an algebraically closed field of characteristic 0). By a ‘‘vector-space’’ we always mean 
a vector-space over this field. 

3 For this class of groups, cf. G. Frobenius, Sitzungsberichte der Preussischen Akademie, 
Berlin 1902, p. 351. 
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unit element fixed. For t < p — 1, we have S = G’, and W’ has the order 
p(l+np). Fort = p — 1, we have S = @’. Unless 7 is of the form 


2) n=u+tm+ ump (u, m positive integers), 


S is a minimal normal subgroup of © (for n + 0). 

This case I is of relatively small interest. In particular, when © is a transi- 
tive permutation group of degree p, S consists in this case I only of the unit 
element 1. If © is a doubly transitive group of degree p + 1 or an irreducible 
linear group in a p-dimensional space with center 1, then S must be abelian. 

Case 1. The group & does not contain a normal subgroup of order 1 + np, 

Here, we shall have @’ = @”’. The group W’ itself satisfies the condition 
(*); its order g’ is of the form 


(3) g’ = (p — 1)p(1 + np)/t’ 


where n is the same number as in (1). The number ?¢’ divides p — 1 and is 
divisible by t; we have t’  p — 1. If n is not of the form (2), in particular, 
ifn < p+ 2, then W’ is simple. 

In the later sections, we shall assume that G, besides condition (*), satisfies 
the following condition 

(**) The commutator-subgroup W’ of & is equal to G. 

By this condition (**), groups G for which we have case I are excluded. If 
we have case II, the group W’ satisfies both conditions (*) and (**), and our 
theory can be applied to G’. From W’, the group G can be obtained by a cyclic 
extension; the value of n remains unchanged. 

Our main result (section 5), is: If a group © satisfies the conditions (*) and 
(**), and if n = (p + 3)/2, then n can be represented by the following rational 
function F(p, u, h) 


puh + wtruth 
a+l 
where u and h are positive integers, and where u + 1 dividesh(p — 1). IfG 


satisfies the conditions (*) and (**), and if n < (p + 3)/2, we must have one of 
the following two cases: 


(a) n=1, t=2, © = LF, >), (p > 3). 
(b)' n = (p — 8)/2, t= (p—1)/2, G = LF(2, 2") where p = 2 +1 


(4) n = F(p, u,h) = 





is a Fermat prime, p > 3.° 
In a later paper, the values n with (p + 3)/2 S n S p + 2 will be discussed. 
It had been shown by Frobenius that LF(2, p) is the only simple group of 
order p(p — 1)(p + 1)/2. In section 6 we drop the assumption (*) and prove 
that the groups © = LF(2, p) and LF(2, 2"). (2° + 1 = p) are the only simple 





4 That permutation groups of degree p with the value n = (p — 3) /2 exist for these primes 
p, was mentioned by Frobenius, loc. cit. 





groups ¢ 
m not-n¢ 
m = (p 
are pos 


Let © 
contains 
P only. 
cannot | 
would k 
subgrou 
The ord 
isa cyel 
see that 


(5) 


where y 
that 


(6) 
The gro 
For the 


(7) 


Hence ' 

THEO 
prime o 
q= (p 
group © 
classes 0 

Since 
paper” | 
which vy 

The ¢ 
(I) Rey 
A,(G) t 


(8, I) 


Il. Rey 
the cha: 





5R. B 
Journal | 
as [1] an 


ler 


of 





ON PERMUTATION GROUPS OF PRIME DEGREE 59 


groups of an order p(p — 1)(1 + mp)/r with m < (p + 3)/2, (p a prime, 7, 
m not-negative integers, 7 | (p — 1)); if for a simple group of this order we have 
m = (p + 3)/2, then m must be of the form m = F(p, u, h) where u and h 
are positive integers. 


1. Preliminary remarks 


Let & be a group of finite order g which satisfies the condition (*), i.e. which 
contains elements P of prime order p whose centralizer consists of the powers of 
Ponly. If $8 is a p-Sylow subgroup of G which contains P, then the order of $ 
cannot be larger than p, since otherwise the order of the centralizer of P in $ 
would be larger than p. Hence g # 0 (mod p’), B = {P}. The number of 
subgroups conjugate to $8 is of the form 1 + np where n is a non-negative integer. 
The order of the normalizer 2% = N(Y) of $B then is g/(1 + np). But since F 
isa cyclic group of order p, and since 9 also satisfies the condition (*), we readily 
see that It can be generated by $ and another element Q such that 


(5) P?=1, Q'=1, Q°PQ=P” 

where y is a primitive root (mod p), and where ¢ and gq are positive integers such 
that 

(6) q=p-—l. 

The group @ then contains exactly ¢ classes of conjugate elements of order p. 
For the order of @, we obtain 


(7) g = (p — 1)p(1 + np)/t = qp(1 + np). 


Hence we have 

THEOREM 1. Jf & is a group of finite order g which contains an element P of 
prime order p which commutes only with its own powers (condition (*)), then 
g = (p — 1)p(1 + np)/t, where n and t are integers, and t divides pp — 1. The 
group & contains exactly 1 + np subgroups of order p, and t is the number of 
classes of conjugate elements of order p in &. 

Since g contains the prime p only to the first power, the results of an earlier 
paper’ can be applied. For the sake of convenience we mention those facts 
which will be needed. 

The ordinary irreducible representations of © are of four different types: 

(I) Representations %, of a degree a, = u,p + 1 = 1 (mod p). Denote by 
A,(G) the value of the character A, of %, for an element G of G. Then 


(8, I) A,(P’) = 1 (for i # 0 (mod p)). 


II. Representations %, of a degree b, = vp — 1 = —1 (mod p). If B,(G) is 
the character of B, , we have 





5 R. Brauer, On groups whose order contains a prime number to the first power, American 
Journal of Mathematics vol. 54 (1942) part I p. 401, part II, p. 421. I refer to these papers 
as {1] and [2]. 
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(8, IT) B.(P") = -1 (for <7 # 0 (mod p)). 
(IIT) Representations € of a degree c which is not congruent to 0, 1, —1 (mod Dp) 
fort ~ 1.° There exist exactly ¢ such representations G, C’,---, Cand 


they are algebraically conjugate. The degree c is of the form 
c = (wp + 4)/t, 6= +1 


where w is a positive integer. If € is a primitive pth root of unity, suitably 
chosen, we have for the character C(G@) of G: 


(8, IID C(P*) = (-8) > ra for i # 0 (mod p), 


We denote the expression on the right side by (—4)n; so that 7; is a Gaussian 
period of length q = (p — 1)/t. 
S) 


(IV) Representation D, of a degree d, = px, = 0 (mod p). If D,(G) is the 
character of D, , then 


~ (8, IV) D,(P*) = 0 for i # 0 (mod p). 
If we have a@ representation %,, p = 1, 2,---, a, and 6 representations 
B.,o = 1, 2,---, B, we have 
(9) at+B=¢q= (p — 1)/.. 
Furthermore, for elements G of an order prime to p, we have 
(10) ¥ AAG) + 80°C) = Dy BAO). 


In particular, for G = 1, this gives 
(11) > a, + sc = > d,. 
p a 


It is well known that the degrees a, , b, , c, d, divide the order g of G and that g 
is equal to the sum of the squares of all the degrees, i.e. 


(12) Lat Vb +t? + Vd: =. 
p o T 
Tt is often convenient to set (as above) 
(13) a,=upt+i1, b=vp—1, c= (wpt+d)/t, do =2,p, (6 = +1). 


On substituting these values in (11) and taking (9) into account, we easily 
obtain 
bw ] 
(14) Sat Mtl Dy, 
p o 





6 In the case t = 1, © can be chosen arbitrarily among the p irreducible representations 
of degrees not divisible by p. We then choose € so that its degree c is of the form c = —1 
(mod p). This is always possible. The results given in (III) remain valid for this ¢. 
We then have 6 = —1, and C(P’"’) is rational. 
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Substitute the values (13) in (12) and use (9) and (14). A simple computa- 
tion gives 


(15) Cet Cdt+ S + Cea MA 


2. Normal subgroups of 


The number of representations of degree 1 of any group © is equal to the 
index (G:G’) of the commutator-subgroup @’ of G. In our case, for ¢ ¥ 1, 
t# p -- 1, only the representations 2%, can have degree 1. By (9), their number 
isat most (p — 1)/t. Fort = 1, we may choose € so that its degree is different 
from 1, and the same argument holds. If ¢ = p — 1, thena + 6 = 1, ef. (9). 
Since the 1-representation G — 1 appears among the %, , we have a = 1, 8 = 0, 
a, = 1, and (11) givesc = 1. Consequently, G has exactly p representations 
of degree p. We thus proved 

THEOREM 2. If the group © satisfies the condition (*), then the index (G:@’) 
of the commutator subgroup @’ in © satisfies the relation 


(G:G’) S (p — 1)/t ft#p—l, 
(G:G’) = p, ift=p—1. 


If G has a normal subgroup ©, then any representation of the factor group 
®/S may be considered as a representation of G. On account of this remark, 
we prove easily 

THEOREM 3. Let G be a group of order g which satisfies condition (*). If S 
isa normal subgroup of an order s divisible by p, then S contains the commutator- 
subgroup G&’ of &. 

Proor: Let 3 be an irreducible representation of G@/S of degree z; let ¢(G) 
be the character of the corresponding representation of G. Since the element 
P of order p must belong to S, we have ¢(P) = z. The formulas (8) then show 
that z = 2 is impossible; every irreducible representation of G/S is of degree 1. 
Hence G/S is abelian, i.e. S contains G’, q.e.d. 

We now treat normal subgroups of an order which is relatively prime to p. 
We have 

TuHEeorEM 4. Let & be a group of order g which satisfies condition (*). If S 
is a normal subgroup of an order s which is not divisible by p, then s divides 1 + np 
and we haves = 1 (mod p).’ The group @/S itself satisfies condition (*), and the 
number t* of classes containing conjugate elements of order p is the same as the 
analogous number for @; i.e. t = t*. The group © is contained in the kernel of 
the representations A, , Be , ©” (§1). 

Proor: The order of @/S is divisible by p; we have t* > 0. Obviously, 
* < ¢. Consider now the representations of the first p-block of G/S.* If 





7 The numbers n and ¢ are defined in theorem 1. 
8 ef. [1], section 8. 
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(* # 1, we find ¢* representations whose characters take on distinct algebraically 
conjugate values for an element of order p. These representations yield ¢* 
representations of @ with the same property, and the formulas (8) show that 
t= ¢*. Ift* = 1, we find p representations of 6/S whose characters have non- 
vanishing rational values for an element of order p. Since this again gives p 
representations of © with the corresponding property, we must have t = 1, 
This shows that ¢ = ¢* in any case. The first p-block of G©/S now accounts for 
t + (p — 1)/t representations of G of a degree prime to p. But this is the full 
number of such representations (cf. §1), and hence G/S does not contain any 
other p-block of lowest kind. Then the order of the centralizer of a p-Sylow 
group of G@/G is equal to p;’ i.e. G/S satisfies the condition (*). At the same 
time we proved that © is contained in the kernel of all representations A, , 
a, ¢”". 
The order g/s of G@/S can be written in the form 


(16) g/s = (p — 1)p(1 + mp)/t 


where m is a non-negative integer. Comparison of (16) with (7) shows that 
s = (1+ np)/(1 + mp). Hence s divides 1 + np, and we have s = 1 (mod p). 
This proves theorem 4. 

CoroLuaRy 1. Any normal subgroup S of & of an order prime to p possesses 
an outer automorphism of order p which leaves only the unit element invariant. 

Proor: Transformation of S with an element P of order p in & defines such 
an automorphism.—This shows again that s = 1 (mod p). 

Corotuary 2. The kernel of any representation 8, , © is the (unique) mazi- 
mal normal subgroup S* of an order prime to p. The same holds for the kernel of 
YW, , of the degree a, is not 1. 

Proor: As shown above, S* will belong to each such kernel. But the formu- 
las (8, I), (8, II), (8, III) show that the kernel cannot contain elements of order p, 
i.e. the kernel itself has an order prime to p, and it coincides therefore with S*. 

Corouuary 3. We have S* CW’. Ift ¥ p — 1, the group G'/S* is simple. 
Ift=p—1,W = &. 

Proor: The group W’ can be defined as the intersection of the kernels of the 
representations of degree 1. Theorem 4 then gives S©* C WG’. If t ¥ p — 1, 
the order of G’ is divisible by p (cf. theorem 2). From theorem 3 and the 
definition of S* it follows that no normal subgroup of G lies between G’ and S*. 
Then the group G’/G* is a minimal. normal subgroup of G/S*, and hence 
&’/S* is a direct product of isomorphic simple groups. But since the order 
of &’/S* contains p to the first power, this implies that G’/G* is simple. 
If ¢ = p — 1, theorem 2 shows that G’ = S*. 

Corouiary 4. If nis not of the form n = u +m + ump (u, m positive inte- 
gers), in particular if n < p + 2, then & does not contain a normal subgroup 
S ¥ {1} of anorder s smaller than 1 + np. 





9 ef. [1], theorem 1. 
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Proor: If s = 0 (mod p), theorems 2 and 3 give s = (g:(p — 1)/t)= 


p(l + np). Ifs A 0, theorem 4 shows that s is of the form 1 + up where u is 
a positive integer. From (7) and (16) we obtain 


1 + np = (1 + mp)(1 + up). 


Hence n = u + m + ump. Under our present assumption, we must have 
m = 0, i.e.s = 1 + np and this proves the corollary. 

We now distinguish two cases: 

CasEI. The Group © contains a normal subgroup of order 1 + np. 

CasE II. The group & does not contain a normal subgroup of order 1 + np. 
In other words, in case I the order s* of S* is equal to 1 + np while in case II 
s* is smaller than 1 + np. 

THEOREM 5. We have case I, if and only if one of the following two sets of 
conditions holds 


(a) t=p-—1l. 


(b) ¢ < p — 1, and the first and second commutator subgroups @' and ©” of G 
are different. 


In case (a), &’ has the order 1 + np, and @/G’ is cyclic of order p. In case 
(b), the group ©” has the order 1 + np and &’ has the order p(1 + np); G/G” ts 
metacyclic and can be defined by the equations (5). 

Proor: The case t = p — 1 is trivial, cf. theorem 2 and (7); we may assume 
t<p-—41. If S* is an invariant subgroup of order 1 + np in G, then G/G* 
isa group of order p(p — 1)/t, which satisfies condition (*) and in which ¢ classes 
of conjugate elements contain elements of order p. Hence @/G* contains a 
subgroup of type (5), and since this subgroup has order p(p — 1)/t, the group 
@/S* itself is a metacyclic group of type (5). In particular, G/G* contains a 
normal subgroup G,/G* of index (p — 1)/t. Then G;, is a normal subgroup of 
index (p — 1)/t of G, and theorems 2 and 3 now show that G, = G@’. We may 
apply theorem 2 to @’ which again satisfies condition (*). Since G’ contains a 
normal subgroup @* of index p, this group ©* must be the commutator sub- 
group &” of G’. Conversely, assume that G’ ~ G”. According to theorem 2 
we have (G:G’) S (p — 1)/t. The order of @’ then is divisible by p, and G’ 
also satisfies the condition (*). If the index (G’:G”) was prime to p, the group 
®” would have an order divisible by p, and theorem 3 would give G@” D GW’, 
ie. @” = G’. Hence (G’:”) is divisible by p. Now theorem 2, applied to 
®’, gives (G’:G”) = p and, therefore, (G:G”) S p(p — 1)/t. However, 
theorem 4 shows that the order of the normal subgroup G” of @ must divide 
1+ np. As © has the order p(p — 1)(1 + np)/t, we now see that G” has the 
order 1 + np. This completes the proof of theorem 5. 

Corouuary 5. Incase II, the order g’ of the group &’ is given by 


(17) g’ = (p — 1)p(1 + np)/t’ 
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where n is the same number as in (7) and t’ denotes the number of classes of conju- 
gate elements in ' which contain elements of order p. We have t | t’, t’ | (p — 1), 
andt St’ <p-—1. Furthermore, G’ = &”. The group G/GW’ is cyclic. 

Proor: It follows from theorem 5 that { < p — 1 and that G’ = G”. The 
group ’ also satisfies condition (*), and since it contains all subgroups of order 
p of G, we obtain (17). The number ¢ divides ¢’, because g’ divides g._ If we 
had t’ = p — 1, theorem 2 would give G’ # G”. The element Q in (5) has the 
property that its (t’/t)th power is the first power which belongs to G’. This 
shows that G/@’ is cyclic. 

Coro.uary 6. If n is not of the form n = u +m + ump, (u, m positive inte- 
gers), in particular if n < p + 2, then W’ is simple in case II. 

Proor: Corollary 4 shows that S* = {1}, and corollary 3 now proves the 
statement. 

Finally, we treat the three kinds of groups mentioned in the introduction, 
We prove 

THEOREM 6. If G is a transitive permutation group of degree p (p a prime num- 
ber), then & does not contain any normal subgroup of an order prime to p and dif- 
ferent from {1}; the group W’ is simple (or of order 1). If & is a doubly transitive 
group of degree p + 1 or af & ts an irreducible linear group with center {1} ina 
p-dimensional space, then any normal subgroup of an order prime to p is abelian. 
In all these cases, the composition series of © has at most one non-cyclic factor group. 

Proor: If @ isa transitive permutation group of degree p, then G possesses 
a reducible (1-1)-representation 3 of degree p, whose character has the value 0 
for elements of order p. As shown by the formulas (8, I), this representation 
cannot consist of representations %, exclusively; furthermore it cannot contain 
any constitutent D,. Theorem 4 and corollary 2 now show that 3 has the 
kernel G*. However, 3 was a (1-1)-representation. We thus find S* = {1}, 
and corollary 3 shows that @’ is simple (or @’ = {1}, ifg = p). 

Any doubly transitive permutation group @ of degree p + 1 possesses an 
irreducible (1-1)-representation of degree p. As condition (*) holds for any 
such G, we easily see that @ has the center {1}. It is, therefore, sufficient to 
treat irreducible linear groups with the center {1} in a p-dimensional space. 
It follows here that S*, considered as a linear group, must be reducible since 
the dimension does not divide the order s*. Since @* is a normal subgroup, 
it splits into constituents of the same degree z. Then z = 1, and &* is abelian. 

The last statement of theorem 6 follows from corollary 3. 

Coro.uary 7. If & is a primitive irreducible linear group in a p-dimensional 
space and if & has the center {1}, then @’ is simple. 


Proor: When §& is primitive, the normal abelian subgroup S* 


must lie 


in the center. We then have S* = {1} under our assumptions. Now corollary 
3 gives the statement. 

There is a well known theorem of Burnside which states that a transitive 
permutation group G of degree p is either doubly transitive or it is metacyclic 
of the type (5). With the methods used here, this could be proved in the fol- 
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lowing manner. If © is not doubly transitive, the permutation representation 
3 splits into the 1-representation %{, and at least two more constitutents not all 
of which can be of type %,. Then one constituent at least isa ©”. Since the 
character is rational, all the conjugate ©” appear, and we find 


t—1 
B=%+ D0", c=(p—V/, 122. 


If t > 2, the group G must have a normal subgroup of order p,”’ and therefore 
G is of type (5). Ift = 2, we have also to consider the case that G S LF (2, p). 
It is not very difficult to exclude this last possibility. However, the proof may 
be omitted. 


3. Conditions for the degrees a, , b, , c 
We now make use of the fact that the degrees a, , b, , c (ef. (13)), divide the 
order g = (p — 1)p(1 + np)/t of G. For the a,, we certainly must have 
(uyp + 1)|(p — 1)(1 + np). If the sign 6 has the value +1, the condition 
for c gives (wp + 1)|(p — 1)(1 + np). The question we have to treat then 
is this: When is 
(up + 1) | (p — 1)(1 + np) 
(where u = u, or u = w)? Set up + 1 = mm with m|(p — 1) 
and m.|(1 + np). Then p = 1, up + 1 = O (mod m,) and hence 
u+1=0(mod™m,). Further, up + 1 = 0,1 + np = 0 (mod mz), and this 
gives (n — u)p = O and hence n — u = O (mod m2). It now follows that 
up + 1 = mym: divides (u + 1)(n — u). We may set 


(18) (u + 1)(n — u) = h(up + 1) 
with an integral h. Then h(up + 1) = O (mod u + 1). Since u = 
—1 (mod u + 1), this gives 
(19) (u +1) |h(p — 1). 
Assume first that h = —h’ < 0. Then (u + 1)(u — n) = h’(up + 1) which 
gives 
u=uh'’ptn—1)+h'’+n>ulh’p+n-— 1). 

Hence u > h’p + n — 1 while (19) yields h’'(p — 1) = wu + 1, ie. 
ushW’p—h’-1Sh'’p+n-—1. This isa contradiction, the case h < 0 is 
impossible. From (18) it follows that n = (hup + utu+t+h)/(u+i1). We 
therefore have 

Lemma 1. Denote by F(p, u, h) the rational function 


hup+twt+uth 


(20) F(p, uh) = “PE 


10 ef, [2], theorem 3. 
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of p,uandh. If gt = (p — 1)p(1 + np) ts divisible by a number 1 + up where 
u is a non-negative integer, then there exists an integer h = 0 such that 


(21) n = F(p, u, h) 


and that (u + 1) | h(p — 1). 
In a similar fashion, we have to find the condition that vp — 1 divides gt 


(p — 1)p(1 + np) where v > 0, VY = v,, or v = w for 6 = —1), 
We set vp — 1 = mym: with m | (p — 1) and m, | (1 + np) and derive v — 1 = 
0 (mod m), v + n = 0 (mod m). Hence 
(22) (v — 1)’ + n) = h(vp — 1) 
for some integer h = 0. For fixed n, p, h, this is a quadratic equation for », 
The second root v’ = (h — n)/v must be integral too. For h = 0, we have 
v’ = —n/v £0. Ifh ¥ O, replace v by 1 in (22). The left side of (22) then 
vanishes while the right side is positive. This again gives v’ < 0. 

Set u = —v’ = (n — h)/v; then u = 0. Since v’ satisfies the equation (22), 


this equation remains correct when v is replaced by —u. We thus come back 
to (18). Since (18) implied (19) and (21), we have proved 

Lemma 2. If gt = (p — 1)p(1 + np) ts divisible by vp — 1, where v is a posi- 
tive integer, then there exists a non-negative integer h such that u = (n — h)/v is 
integral and not negative, and that the relations hold 


(23) n=F(p,uh);  (wt+1)|h(p— 1). 


If u = 0, then n = h, and (22) givesv = pn —»+ 1. However, it follows 
from (15) that v», = pn — n + 1 or w = pn — n + 1 are possible only when 


ve = lorw=1,ie.whenn=0. Ifh = 0,thenu = nandv = 1. 
THEOREM 7. If @ is a group satisfying the condition (*), then find 
all representations of n in the form n = F(p, u®, h®) = (R?uMp + 


2 ° act e 
uw tu” + h”)/(u” + 1) with positive integers u”, h”. The degrees of the 
irreducible representations of &, as far as they are prime to p can only have some of 
the values 


(24) a, = I, a, = up +1, a,=np+1. 
(25) b, =p-—1, b, = vp — 1. 
(26) c=(nmpt+1)/t, c=u%pt+1)/, c=(p-1)/, 


c= (vp — t)/t 


where v’” is set equal to (n — h®)/u™. 

For h > 0 and variable u, we have (0/du)F(p, u, h) > 0. Since we are only 
interested in solutions u, h of n = F(p, u, h) with 1 S u S h(p — 1) — 1, we 
must have 


hp+h+2 


Sn F(p,h(p — 1) — 1,h) = 2ph—h -2. 
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This gives 
THEOREM 8. In theorem 7, only values h = h” have to be considered for which 
n+2 2n — 2 
————- Sk | —— . 
” ap —1 "=" * Fi 
To each h” there belongs at most one u, and this u satisfies the conditions 
y” | (n sf ag 8 (u” 4. 1) | h” (p oe 1). 
The last remark follows from the fact that the equation n = F(p, u, h) is 
equivalent to (18), and since h < n, we have one positive root u. Unless n has 
one of the following values 


p+t3 wt 3st. (h = 1;u = 1, 2,3, ---) 





3’ ie 


4p+8 3p+7 7 pe rae 
mm na Pts SH, BF! (h = 2; u = 1,2,3, ---) 
mae, op + 3, =. (h = 8:0 = 1,238,---) 


eee eereer eet eee eeeeeeeeee eee tees ee jiq-§gé*#*e###s##s# esses eee eeeeevee 


only the values 
(30) a,=1, a,=np+t 1, b =p-—l, c = (np + 1)/t, c= (p — 1)/t 


are possible in theorem 7. 

As an example for theorems 7 and 8, we choose the case t = 2, p = 11,n = 157 
for which g = 95040." We find here 9 < h S 26. Actually, only the values 
h = 10, 12, 14, 17, 26 give integral values for u. From (15), we obtain u, S 28, 
ve S 28, x, S 28, w S 39. We thus obtain as the possible values of the degrees 
a, and b, : 

a, = 1, 12, 45, or 144; b, = 10, 32, 54, or 120, 


while c has one of the values 5, 6, 16, 27, 60, 72, 160, 190. The sign 6 = +1 
is determined by 2c = —6 (mod 11). The total number of degrees a, and b, 
is five, and their values together with c must satisfy the equation (11). If we 
further assume that G is simple, only one of the a, has the value 1. On the basis 
of these remarks and using further properties of group representations, it is 
possible to compute the full table of group characters of G. 

1! This case is relatively complicated as n will appear five times in the table (29) for 
p= 11. The case has been chosen because there exists a simple group © of order 95040, 
the five times transitive permutation group of degree 12 of Mathieu. It is possible to 
show that, for any simple group of order 95040 and p = 11, the condition (*) must hold and 
that ¢ must have the value 2. The characters of the Mathieu groups have been obtained 
by Frobenius (Sitzungsberichte der Preussischen Akademie der Wissenschaften, Berlin 
1903). Our result shows that any simple group of order 95040 has the same table of charac- 
ters as the Mathieu group. This seems to make it appear highly probable that only one 
simple group of order 95040 exists. 
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4. Relations between the characters of & and those of 2} = N(P) 


Every representation of @ defines a new representation of any given sub- 
group. We apply this for the subgroup 2} = M(P$) defined by (5). In this 
manner, we can obtain some new information about the characters of G from 
the formulas of section 1, and this will be needed later. 

It is easy to find all irreducible characters of the group Xt of order pg = 
p(p — 1)/t.” Let w be a primitive gth root of unity. We then have q linear 
characters w, , (u = 0,1, 2, --- ,qg — 1) defined by 
(31) wy (Q’) ad of, w,(P’) = 1. 

Besides, we have ¢ conjugate characters Y” 


of degree g. We only notice that 


(32) y”(Q’) =0 for j ¥ 0 (mod 9). 
Set 
Q = wo +t wi tee + wer. 
Then, we have 
(33) Q(11) = Q(P')=q, 2Q’)=0 — forj ¥ 0 (mod q), 


Every element N of Xt which is not a power of P is conjugate to some Q’ and 
hence Q(N ) vanishes. 

The expressions A,(N), B.(N), C’’(N), D,(N), (N in 0), form (reducible) 
characters of 2. Hence they can be expressed by the w,(N) and the Y“”(N), 
From (33), (8) and (13), we obtain (N in the sums ranging over the elements of J) 


gia, +p — 1) = qplu, + 1); 


Xr A(N)QW) =D 4,(P AP) 
¥ BAN)AN) = YD BPP) = gb — p +1) = gplve — 1); 


a(e- 6m) = g(c + 6g) 


> C”(N)QA(N) = DC” (P')0(P’*) 


i=1 


q(wp + 6 + dtq)/t = qp(w + 4)/t; 


> DANN) = Y DAP )9(P*) = ad, = gt, . 


From the orthogonality relations for the characters of Jt, we now obtain 
LemMa 3. If we consider the characters of © only for elements N of the subgroup 
MN, then A,(N) contains u, + 1 of the w,(N), B.(N) contains v, — 1 of the w,(N), 
C” (N) contains (w + 5)/t of the w,, and D,(N) contains x, of the w,(N). The 
same w,(N) appear in the different c”(N), » = 0,1,2,---,#—1. 
The last remark follows easily from the fact that C(G) can be carried into 





12 The equations (31) and (32) can easily be derived from our general results applied to 
the case n = 0. 
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each C” (G) by a change in the choice of the primitive pth root of unity e, be- 
cause this change does not affect w,. We also show 
LemMMA 4. We have 


(>) a,A,(N) + >> BAN) +¢ > C”(N) + > d- DAN) 


(34) ) q—1 
= (1 + pn) 2) o(N) + -->. 


q—1 


(35) > A,AN) + 6C(N) = > BAN) + ae w,(N) + ---. 


p 


> up,AA(N) + Dd, ve BAN) + w0(N) + >> 2,D,(N) 


(36) q—-1 
=n) a(N)+-::. 


u=0 


where the dots stand for a linear homogeneous combination of the Y”(N). 

Proor: The left side in (34) is the character R(N) of the regular representa- 
tion of G, and we have R(1) = g, R(N) = Ofor N # 1. Then (34) follows from 
the orthogonality relations and (31). 

The expression 


S(N) = >> A,(N) + 8C(N) — > B.(N) 


can be written as a linear combination of the characters of Jt with integral ra- 
tional coefficients. From (8), (9) and (10), we obtain 


Lip) +6(-8Ln)- L(t) 
=a(p — 1) +¢+ Bp — 1) = 09; 


S(N) =0 for N #P,P’,---,P"’; N in &. 
Then (31) gives 


> S(P") 


dX S(N)a,(N) = pq 


which shows that S(N) contains w, with the coefficient 1. Finally, (36) is 
obtained by subtracting (35) from (34) and dividing by p, taking into account 
that C’’(N) and C(N) contain the same o, . 
As a first application of the considerations of this section we prove 
TurorEM 9."° Let @ be a group which satisfies condition (*). If G possesses 
an irreducible representation 3 of degree p — 1, then either the number t is even 
or the index of the commutator-group G’ in & is even. 
Proor: It follows from lemma 3 that the character ¢(N) of 3(N) (N in ¥), 


’If p = 2, thent = 1 = p — 1, and the theorem follows from Theorem 2. 
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contains only characters Y’(N) and no w,(N). We then must have 
(p — 1)/q = t such constituents Y”(N). It follows from (32) that 3(Q) has 
the characteristic roots 1, w,---, w’ , each taken ¢ times. Hence the de- 
terminant of 3(Q) has the value (—1)%*' = (—1)?7'*' = (—1)'. The de- 
terminant of 3(G), G in G, forms a representation of degree 1 of G. If ¢ is 
odd, an even power of this representation will give the 1-representation of G. 
This implies that (G:G’) is even. 


5. Proof of the main theorem 


In what is to follow we shall assume that G satisfies the following further 
condition 

(**) The commutator-subgroup of & is equal to ©. 

In the notation of section 2, we must have case II.* This shows that groups 
are excluded which contain a normal subgroup such that @/H is metacyelic 
of order p(p — 1)/t. Conversely, when © is any group which satisfies the 
condition (*) and falls under case II, its commutator-subgroup GW’ satisfies 
conditions (*) and (**). The number n is the same for @ and WW’ and G is ob- 
tained from ’ by a cyclic extension. We now prove 

THEOREM 10. Let G be a group which contains an element P of prime order p 
which commutes only with its own powers and assume that © is equal to its com- 
mutator-subgroup &’. Ifg = (p — 1)p(1 + np)/t is the order of @ where 1 + np 
is the number of conjugate subgroups of order p in G, then the number n must be 
of the form 


7 puh ‘3 ue + uth 
“+i 
where u and h are positive integers, except in the following two cases 
(a) n=1,t=2. Here,@ = LF(2, p), (p > 3). 
(b) n= P ¥ ,. t= — ,p = 2° + 1 > 3a Fermat prime. Here, G= 
LF(2, p — 1). 

Coroutuary. If n < (p + 3)/2, then G must be either of the type (a) or of the 
type (b). 

Proor: Suppose that n is not representable in the form (37). Then the 
degrees of the irreducible representations of & are either divisible by p or have 
one of the values (30). Because of condition (**) the degree 1 appears only 
once, say a; = 1. If ¢ was odd, theorem 9 shows that the degree p — 1 does 
not appear. It follows from (11) that this is impossible. Hence 


(38) t = 0 (mod 2). 


The degree (p — 1)/t is impossible for t > 2;'° for = 2 it occurs only in the 
case G@ & LF(2, p), i.e. in the case (a). Hence we may exclude this possibility. 


(37) 


144 This implies that p ¥ 2. 

15 If n is not of the form (37), it is not of the form n = ump + u + m with positive inte- 
gers u and m, since otherwise we could set h = (u + 1)m and would obtain a representation 
(37). Then corollary 6 (section 2) shows that G’ is simple. Because of conditions (**), 
@issimple. Now, [2], theorems 3 and 4, can be applied. 
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We now see that we must have 
(39) a, = l, dz = 03 = +++ = Ag = 1+ np, 
b=b=---=b=p—1, c= (pm+1)/t 


and the sign 6 has the value +1. The values of a and 8 can be obtained from 
(9), (13), (14), and (89) which give 


(40) a+tB=(p—l1)/t=4q, 

(41) (@-In+"Ti = 8, 

In particular, n + 1 is divisible by ¢; we set 

(42) n+1 = st, 

and then obtain 

(43) 1+np=1+ (qgt+1)(st-—1) =f 
where 

(44) r=qst+s—q = ps — q. 


By (43), the order g of G can be written in the form 
(45) g = (p — 1)pr = qtpr. 


The next step is to show that r and p — 1 = gt are relatively prime. Using 
(44), (42), (41), (40), we obtain successively 


s = 0, n= -—l, (a — 1)(-1) +s = 8, a+B=0 _ (mod (r, g)) 

whence it follows that 1 = 0, i.e. that (r,¢g) = 1. Ina similar manner, we have 
s =4q, n= -l, (a — 1)(-1) +s = 8, a+B=s (mod (7, é)) 

which gives s + 1 = s (mod (7, £)), i.e. (r, 2) = 1. Hence we have 

(46) (,p—1)=1. 


From (45) and (46), it follows that for any prime / dividing p — 1 the charac- 
ters B, are of highest kind."® This implies 


(47) B,(L) = 0 


for elements L of @ whose order is divisible by 1. For the primes m dividing r 
the characters of degrees 1 + pn = rt and (1 + pn)/t = r are of the highest 
kind. Hence 


(48) A,(M) =0 for p¥1, C”(M) =0 


16 Cf. R. Brauer and C. Nesbitt, Annals of Mathematics, vol. 42, p. 556 (1941), Chapter IT. 
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for elements M of © whose order is divisible by m. Because of the assumption 
(*), the order of the elements L and M is not divisible by p, and hence the 
equation (10) holds for these elements. If an element G of @ would be an 
element Z and an element M at the same time, then every term in (10) except 
A.i(G) = 1 would vanish, and this is impossible. Hence the elements of G are 
distributed into four disjoint sets: (I) The 1l-element, (II) the elements of 
order p, (III) the elements Z whose order is divisible by at least one prime 
factor of p — 1, (IV) the elements M whose order is divisible by at least one 
prime factor of r. 
Consider now the following element of the group ring T belonging to & 


q—1 F 
(49) T= > QQ’. 
7=1 
We wish to show that (p now will always denote one of the values 2, 3, --- , a) 


A(T)=q-1, A,J(T)=—-(+1), BT) = 0, 


(50) He 
C'(T) = —(n+ 1)/t, DT) = (q — 1)az. 


The proof of (50) can be obtained from the results of section 4. By (39) and 
(13) we have 


u, = 0, U2 = °° = Ua = N, y= -+ = vg = 1, w= Nn, 6 = 1, 
Lemma 3 shows that Ai(\V) contains exactly one w, , A,(N) with p > 1 contains 
exactly n + 1 of the w, , B(N) does not contain any w, , C(N) contains exactly 
(n + 1)/t of the w, , D,(N) contains 2, of the w,. Here, N is an element of 
MN = N(B), ef. (5). It now follows from (35) that each of the w, appears in one 
of the characters A;(N), A2(N), --- , Aa(N), C(N), while (36) shows that the 
w, appearing in A,(N), p > 1, do not occur in any other character, and that 
the w, appearing in C(N) occur only in the C”(N). Since, obviously, Ai(N) = 

= w(N), this implies that the A,(N) with p > 1 and C(N) contain only ow, 
for which » = 1 whereas the D, contain only wo(N). 


The elements Q’ belong toM. On account of (31) and (32), we have 
w(T)=q—1, (7) = —-1 for » #0, y”(T) = 0. 


The first formula (50) is obvious, as Ai(N) = 1 = w(N). Since A,(N) for 
p > lisasum of n + 1 terms w, with » > O and of terms Y’, we find A,(7’) = 
—(n +1). The remaining formulas (50) follow in the same manner using the 
facts that, apart from terms Y”, the character C’’(N) is a sum of exactly 
(n + 1)/t terms w, with u > 0, the character D,(N) contains only x,w) , and the 
characters B,(N) do not contain any term except terms Y”. 

Let ¢ range over all the characters Ai, A,, B., Cc”, D, of @. If L again is 
an element whose order contains at least one prime factor of p — 1, then (47) 
and (50) give 
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E ML) = @ - 1) - m+) Y A) 


— (n+ 1)C(L) + (q — 1) D 2 DAL) 


(51) 


since the ¢ characters C” have the same value for the element L. 

In order to compute these expressions in a different manner, we use the 
orthogonality relations for group characters. If ¢ again ranges over all charac- 
ters of G, we have 


1+ 4(O4(H) + D B@BH) 
™ + D 0% HCH) + L DA@DAH) 


= > ¢(@)¢(H) = n(G)a(G, H) 


where n(G@) is the order of the normalizer of ©, and where 6(G, H) has the value 
1 or 0 according as the elements G and H™ of @ are or are not conjugate. 

In particular, set G = 1 and H = L. The value ¢(1) is equal to the degree 
of the character and can be found from (39) and (13). Again we use (47) and 
the fact that C’’(L) = C(L). Thus 


1+ (1+ np) >> A,(L) + (1 + np)C(L) + p & 2, DAL) = 0. 


Finally, (10) for G = L reads 
(53) 1+ 2) AL) + C(L) = 0 (9 ¥ 1), 


on account of (47). The last two equations give 

(54) > 2,D(L) = n 

and, on combining (51), (53), (54), we obtain 
DML) =q— 1+ m+ 1+ @— Vn = dn + DV). 


Substitute for 7 the value (49), and use again (52). This gives 


TMG) = D 2D @)(L) = E n(@o(@, 1). 


q—1 


(55) > n(Q’)5(Q’, L) = g(n + 1). 


j=1 
The equation (55) shows that not all 5(Q’, L) can vanish. Hence L is conjugate 
to some power of Q 


(56) L~Q (lsvsq- 1). 
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Since L is any element whose order is divisible by at least one prime factor of 
p — 1 = qt, and since Q has the order gq, this proves that every prime factor of 
tdividesg. Moreover, the formula (55) can be applied for L = Q', i ¥ 0 (mod q). 
The left hand side is obviously the order of the normalizer of the cyclic group 
{Q'}, and if this order is denoted by N{Q"}, we have 


(57) N{Q'} = q(n + 1). 

As the order of a subgroup, g(n + 1) = qst (ef. (42)) must divide the order 
g = qtpr (cf. (45)) of G. This gives s| pr. If p | s, (42) and (41) would imply 
that 8 2 p, and this contradicts (40). Hence s|r. Now (44) shows that s 
divides qg and is, therefore, a common divisor of rand gi = p — 1. By (46), we 


have s = 1. 
Now (42), (44), and (45) become 


(58) n=t-1, r=p-q g=(-—I1)p(p—-—q 
while (40) and (41) yield 
(59) a —-t+2=q=(p- I1)/t. 


As we have seen, every prime divisor of ¢ must divide g. Because of (59), ¢ 
must be a power of 2, say 
(60) ‘ (= 2. 
It follows from (38) that u = 2. 

Consider first the case » = 2,ie.¢ = 2. Here, n = 1, q = (p — 1)/2 and 
g = p(p — 1)(p + 1)/2. From (59) we obtain a = (p — 1)/4. But then (40) 
shows that 8 = (p — 1)/4. We have therefore, one character of degree 1, 
(p — 5)/4 characters of degree p + 1, (p — 1)/4 characters of degree p — 1, 
two characters of degree (p + 1)/2, and one character of degree p. The last 
fact follows from (15) which now reads 


Deas PTe_eot_ = 1, 


] 
4 4 2 
The method applied in an earlier paper’’ now gives G & LF(2, p). 

Assume now yp > 2,i.e.¢ 2 4. As shown in (56), all elements ZL of an order 
2° are conjugate to a power of Q. But (59) shows for t = 0 (mod 4) 
that g # 0 (mod 4). Hence no elements of order 4 exist, and a 2-Sylow-sub- 
group % of @ can contain only elements of order 1 and 2. This implies that £ 
is an abelian group of type (2, 2, --- , 2). 

Let &; be the normalizer of the group {Q'}, i 4 0 (mod q). Every &; is 
contained in XT = T,, but since (57) shows that all T,; have the same order 
q(n + 1) = qt = p — 1, we have 


T= T=--- = Tu. 


17 [2], sections 9 and 10. 
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Assume now that g ¥ 2. Since we have g # 0 (mod 4), the number g will 
contain an odd prime divisor 1. We set Ly) = Q”'. If X is an element of order 
2in T, we have 


X'LX = Lj 


for some j. But X’ will commute with Ly) which gives j = 1 (mod J), 
ie.j = +1 (mod J). 

The order p — 1 = qt of & is divisible by 8. Because of the structure of the 
2-Sylow subgroup & of G, it follows that T contains an abelian subgroup of type 
(2,2,2). This implies that we have at least three elements X of order 2 in T for 
which 7 = 1 (mod J). 

If 7 = 1 (mod 1), X and Ly commute and L = XJ) is an element of order 21. 

By (56), XZ then is conjugate in G to a power of Q, say 
(61) T “XLT * = @?. 
Hence T“LiT = Q”, ie. T'Q™'T = Q*”. This shows that 7 belongs to the 
normalizer of Q*“’ ~ 1, and therefore 7 belongs to T=. Moreover, (61) implies 
that 7 'X'T = Q’'.- Hence Q”’ has order 2, i.e. Q’’ must be equal to the only 
power Q”” of Q of order 2. Since 7 transforms Q*” into itself, we have X = X' = 
T'Q?°T = Q*”. This gives a contradiction because we had shown that we 
have at least three different elements X of order 2 in © for which 7 = 1. It 
follows that g = 2 and then (58) and (60) give 


p—-l at=2 
‘ioe 
In particular, p must be a Fermat prime. Furthermore, (59) and (40) give 


a =1, B= 1. 


(62) p=qgt+1=2+1, g=p(p—1\(p-2), t= 


Hence @ has one representation A, of degree 1, one representation of degree 
p — 1, and (p — 1)/2 representations of degree (1 + np)/t = p — 2. The 
degree of all other irreducible representations is divisible by p. 

The 2-Sylow subgroup % must have the order p — 1 = 2”. We may assume 
that & contains Q. From (56) it follows that each of the 2” — 1 elements 
L ¥ 1 of % is conjugate to Q in G. . Then LZ must be conjugate to Q in the 
normalizer Mt(%) of the abelian group %. Conversely, every element of 2t() 
transforms Q into an element L ¥ 1 of &. But (57) for 7 = 1 and (62) give 

N(Q) = qin + 1) = 2p — 1)/2 = p-—-1=2. 
Hence only the elements of & will commute with Q. This shows that & has 
the index 2” — 1 in N(%). Consequently, Jt(2) has the order 2°(2” — 1) = 
(p — 1)(p — 2) i.e. N(®) has the index p in G. 

It now follows that G possesses a permutation representation of degree p. 
If II is the corresponding character, then II contains A; exactly once. Since 
p > 3, I cannot contain a character C” of degree p — 2, and it cannot contain 
any character D,. Hence we have 
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I(@) = Ai(@) + Bi(@) = 1+ BiG). 


From (8), (10), (47), and (48), we obtain B,(P*) = —1 for 7 ¥ 0 (mod Pp), 
B,(L) = 0, Bi(M) = Ai(M) + C(M) = 1. 
Hence 


(63) II(1) = p, U(P*) = 0 fori #0 (mod p), M(L) = 1, M(M) =2 


where L and M have the same significance as in (47), (48). However, II(G) 
equals the number of letters not altered by the permutation representing G, 
Then (63) shows that we have a (1-1)-representation since II(G@) = p only for 
G = 1. The subgroup leaving three letters fixed has the order 1, i.e. its index 
in G is p(p — 1)(p — 2). This implies that G is three times transitive. From 
a theorem of Zassenhaus,” it now follows that © & LF(2, p — 1) and this 
finishes the proof of theorem 10. 


6. Simple groups of order (p — 1) p (1 + mp)/r 


We now drop the assumption (*) and propose to prove the following theorem 
THEOREM 11. Let & be any non-cyclic simple group of order 


g = (p — 1)p(1 + mp)/r 


where p is a prime, and where r and m are any non-negative integers such that + 
divides p — 1. If m does not possess a representation of the form m = 
(puh + w+ u+h)/(u + 1) with positive integers u, h, in particular if m < 
(p + 3)/2, then G ts either isomorphic te LF (2, p) or to LF (2, p — 1), and in the 
second case p must be a Fermat prime, p = 2” + 1, (p > 3). 

Proor. Let 1 + np be the number of conjugate subgroups of order p in @. 
If $B = {P} is one of these Sylow-subgroups, then g/(1 + np) is the order of the 
normalizer of 2t(%). If the order of the normalizer (centralizer) of P is v, and 
if ¢ classes of conjugate elements of & contain elements of order p, we have 


(64) g = (p — 1)p(1 + mp)/r = (p — 1)po(1 + np)/t. 


The number 7 here is positive since otherwise § would be a normal subgroup 
of G. The number 1 + np of conjugate Sylow subgroups divides g and hence 
it divides gr = (p — 1)p(1 + mp). Then lemma 1 shows that there exists an 
integer h = O such that 


(65) m = F(p, n, h). 


Since it was assumed that m did not have a representation m = F(p, u, h) 
with positive integers u and h, we must have h = 0 in (65). Then n becomes 
equal to m, and (64) gives 


(66) n= mM, t = vr. 


Consider now the irreducible representations of © which belong to the first 





18 H. Zassenhaus, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen 
Universitat, vol. 11, p. 17 (1935). 
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p-block. For this block we have corresponding results” as for the A, , B, , C” 
in section 1. There exists, however, other representations of a degree prime to 
p when v > 1, and (12) and (15) will no longer hold. 

The degrees a, = pu, + 1 and b, = pu, — 1 in the first p-block must divide 
gt = (p — 1)p(1 + pm). Then lemmas 1 and 2 show that we have a, = 1 
ora, = 1 + pm and b, = p — 1, ef. (80). Since G is simple, only one a, has 
the value 1, say a; = 1. 

If v = 1, the group © satisfies the assumption (*), and theorem 10 implies 
theorem 11 in this case. We therefore may assume that v > 1. Suppose now 
that V ¥ 1 is a p-regular element of N(P). If B ¥ 0, it follows easily from 
(8, II) that B.(P) has the characteristic roots «, ¢, --- , e’ ' where eis a primitive 
pth root of unity. We may arrange the characteristic roots 2 , %2, *** , Zp—1 of 
%.(V) in such a manner that P*’V has the characteristic roots z,e”, (u = 
1,2,---,p—1). However, 8,(P'V) = —1 fori #0 (mod >p).” This gives 


ce p-l 
(67) > etx, = -1 = De (¢=1,2,---,p—1). 
p=l p=1 


The 2, “ themselves roots of unity, of an exponent prime to p. Since 

¢,€,°*:,€ must be linearly independent over the field generated by the z, , 

(67) implies z, = 1. But then $,(V) = J, and since © was simple, we have 
= 1 which gives a contradiction. Hence we have 8 = 0. 


It now follows from (9) that 
a, = l, Q@ = +: =a,= pm+1; 
and (11) gives6 = —land 
(68) c=1+(q—1)(pm+1). 


This shows that 1 + pm and ¢ are relatively prime. The degree c divides g, 
and (64) now implies that c divides (p — 1)/r. However, since c ~ 1 and 
n = m # 0, the equation (68) yields c > p > (p — 1)/r. We have a contra- 
diction, and theorem 11 is proved. 


7. Examples of groups which satisfy the condition (*) 


First, let G be a transitive permutation group on p letters, where p is a 
prime. The order g of & then is divisible by p, and @ contains elements P of 
order p. Each such element P is represented by a simple cycle of length p. 
It now follows easily that P commutes only with its own powers; i.e. & satisfies 
the condition (*). In a similar manner, we can show that a doubly transitive 
group of degree p — 1 satisfies the condition (*). 

We next consider irreducible groups © of linear transformations of a p- 
dimensional vector space" where p again is a prime. Assume that G is of finite 





19 ef. [1], theorems 4 and 11. 
20 cf. [1], theorems 4 and 11. 
21 ef. footnote 2. 








78 RICHARD BRAUER 


order g and that its center consists of the unit element only. The order g is 
divisible by the degree p of the irreducible group. Let $ be a Sylow-subgroup 
of G, and let Po be an invariant element of { which is different from 1. Then 
P» cannot be a scalar multiple of the unit matrix, since it does not belong to the 
center {1} of G. But Po) commutes with every element of $, and Schur’s lemma 
implies that the linear group § is reducible. The degree of every irreducible 
constituent of % must be 1, since it divides the order of $8. Hence $ can be 
taken as a set of diagonal matrices, i.e. $ is an abelian group. We now prove 

Lemma 5.” Let G be a group of order g = p*g* with (p, g*) = 1, and assume 
that © does not contain invariant elements of order p, and that the Sylow-subgroup 
Y of order p* in G is abelian. If 3 is an irreducible (1-1) representation of © 
of degree p", then u = a. 

Proor. Let ¢ be the character of 3. If G is an element of G which has 
exactly j conjugate elements then it is well known that j7¢(@)/¢(1) = j¢(G@)/p* is 
an algebraic integer. Since $ is abelian, the number j is prime to p when G lies 
in 8. Hence ¢(G) = 0 (mod p”) for Gin f. On the other hand, ¢(@) is a sum 
of p* roots of unity. If G ¥ 1, not all these roots of unity can be equal. Hence 
the integer ¢(G@)/p" and all its algebraic conjugates are smaller than 1 in absolute 
value which implies ¢(@) = 0 for every G ¥ 1 in 8.” Then the character ¢ 
is of the highest kind,” i.e. p* = ¢(1) = 0 (mod p") which yield » = a, as was 
stated. . 

Lemma 6. Let G be a group of order g = p“g* with (p, g*) = 1. If the center 
of © consists of the unit element only, and if G has a (1-1)-representation 3 of 
degree p", then the centralizer of a Sylow subgroup ¥ of order p* is contained in §. 

Proor. The character ¢ of 3 has the values” 


P=1 


iP) = |? | 
(0 Pinf, P #1. 


Hence 3(P) is the regular representation of $3; we may assume that it breaks 
up into the distinct irreducible representations §, of {, each §, appearing f, 
times where f, is the degree of §,. We then have 


; 


i F, = §,(P). 
0 ‘| 


B(P) = IX Fy 








22 The following lemmas 5 and 6 are proved here in a more general form than necessary 
for our purpose. However, in the form given here, they can also be used in other connec- 
tions. 

23 For this argument, cf. W. Burnside, Proceedings of the London Mathematical Society 
(2) vol. 1, p. 388-392 (1904). 

24 ef. theorem 10 of the paper mentioned in footnote 16. 

2 ef. footnote 16. 
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Let V be an element of the centralizer € of $ such that the order v of V is prime 
top. Then 3(V) will commute with 3(P). It follows that 3(V) is of the form 
0 

BV) =| TX, 


(0 





where 7’, is a matrix of degree f, and J, is the unit matrix of degree f,. Then 
3(V'P) breaks up completely into the matrices T, X F,. If 7” is the trace 
| of T,, and if 6,(P) is the character of F,(P), we find 


c(V'P) = > 7 6,(P). 
Since ¢ is of the highest kind, we have 


(70) 7°e,(P) = 0 forPinf, P #1. 
7 

Set 2» Ts fu = 7°” where the sum extends over all values of u. Using the 

orthogonality relations for the characters of 3, we derive from (70) the equation 


pire = 2a De 74°0,(P)8.(P™) = Li i fahe = for. 
Bu B 


This shows that the matrices T}/f, have the same trace for all values of ». 
If §; is the 1-representation of $, then 7; is a vth root of unity \ where v is the 
order of V. Hence 


tr(T:) on 7S? __ fir /p* a ne _ fr. 


The mapping V' — 7; defines a representation of the group {V}. Since its 
character is identical with the character of the representation V' > A‘J,, it 
follows easily that T; = \‘J,. Hence 3(V) = AJ. This is impossible for 
V ~ 1, because 8 was a (1-1)-representation, and © did not contain any 
invariant elements except 1. 

Hence the centralizer € of $ cannot contain elements of an order prime to p. 
Consequently, the order of € itself is a power of p. Since € and § generate a 
p-group contained in G, we have € € §¥ and this proves lemma 6. 

Returning to irreducible linear groups © of degree p whose center consists 
only of the unit element, it follows from lemma 5 that the order g contains p to 
the first power only. If P is an element of order p, then lemma 6 shows that 
|P} is the centralizer of P. Hence we see 

THEOREM 12. If p is a prime, then the transitive permutation groups p, the 
doubly transitive permutation groups of degree p + 1, and the irreducible linear 
groups in p dimensions with the center {1} satisfy the condition (*). 
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ON THE CONVERGENCE OF CONTINUED FRACTIONS TO 
MEROMORPHIC FUNCTIONS* 


By WatTEeR LEIGHTON AND W. J. THRON 
(Received August 28, 1942) 


1. Introduction 


In this paper we give a new set of convergence criteria for continued fractions 
of the form 


— 


a2 a3 
1 a 2 ari 
() i+t+ietizt * 
where the a, are complex numbers. The fundamental results are contained in 
Theorem 3. Application is made to continued fractions of the form 


az A272 


(2) eee 


where x is a complex variable. The basic algorithm in §3 is equivalent to one 
introduced by Euler [1, p. 206]. A direct proof is included since it is very brief. 





2. General concepts 
The continued fraction 
ae. ows 
bi + be + , 
where the a, and b, are complex numbers, is said to converge or diverge accord- 
ing as the series 

Ao A; 4s) (4 “) 

(3) a4 (2-2) 4 (4-2) 4 
converges or diverges. If the series converges to a value v, the continued frac- 
tion is said to converge to v. The numbers A, and B, are defined by the re- 
cursion relations 


bo + 


Ao = bop, Ar = boi + 41, 
Bo = 1,Bi = bi, 

An = bnAn-1 + GnAn-2, 
Bn = baBn-1 + GnBr-2. 


The ratio A,,/B, is called the n* approximant of the continued fraction. Finally, 
if it is known that the series either converges or, at worst, diverges to ~, the 


(4) 


* Presented to The American Mathematical Society, Sept. 8, 1942. 
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continued fraction is said to converge at least in the wider sense. If the numbers 
a, and b, are functions of a variable x, and if for x in a prescribed set the series 
(3) converges uniformly with respect to x, the continued fraction is said to con- 
verge uniformly with respect to x in this set. 


3. An algorithm 
It is well known that the quantity 





D, = — (n = 1, 2,3, ---), 
n n—1 

is given by the relation 

" — (=1)" anae +++ On 

(5) Dn = B...B; 


at least when B,_,B, ~ 0. The numbers D, assume a particularly simple form 
for the continued fraction 


1 @—1 2e(zg—1) 2(z — 1) 


i+ | +" €[ +" - +” 


LemMMA. For the continued fraction (6) the quantity D, is given by the formula 





(6) 





D = fu gy* (22 Sete 1) (23 ie 1) idanei (s, a 1) (n > 2) 
. Zolg e+ Zn _ ‘ 

This result will follow from (5) once it has been shown that 
(5)! Bn = 2023 +++ 2n (n = 2). 


The proof of (5)’ is by induction. This formula may be verified readily for 
n= 2and forn = 3. Suppose it holds form = k — landforn =k. By the 
last relation (4) 


Bra = Bet 2e(Zrg1 — I) Bin. 


The proof can now be completed by applying the induction hypothesis to B, 


and to Br. 
It is an immediate consequence of the lemma that for the continued fraction 


(6) the series (3) takes the form 


Fane Zwe-0-)) (1-2): 


THEOREM 1. The continued fraction (6) converges if the numbers z, (n = 2) 
satisfy the relation 
| 1 h 


7) jt + |? oir? 
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and 
a h 


8 22n-4 —_ —_— ae 
(8) 2n+1 jp — ii *"— i d, 
where h is any number > 1, and e and d are arbitrary positive numbers. 


If relations (7) and (8) hold, positive numbers e’ and d’ can be found such that 





}l — 4] <h-—e’ 
22n | 
and 
| 1 | 1 
a. 
| 22n+1 h + d’ 
Under these conditions 
h—e’ [n/2] 
|Dn| < (h — ¢’) 


(h + d’)l@—v?2] * 
The series (3) is therefore majorized by the convergent series 


(h — e’) 4 (h — e’) 
(h+d’) (h+d’) 
hence, the series (3) and_the continued fraction (6) converge. The proof is 
complete. 

THEOREM 2. If the quantities z, are functions of a complex variable x and if for 
all values of x contained in a certain region D, the functions Z2n(x) and 2Z2n4;(z) 
satisfy relations (7) and (8) respectively, where h, e and d are independent of x, the 
continued fraction (6) converges uniformly for all xin D. Further, if the functions 
zn(x) are analytic for all x in D, the continued fraction (7) converges to a function 
that is analytic for all x in D. 

Under the conditions of the theorem, the series (9) is independent of x and 
majorizes the series (3) for allzin D. Thus the series (3) converges uniformly. 
The partial sums of the series (3) are rational functions of the quantities z, and 
hence analytic functions of x. Weierstrass’ well-known theorem then insures 
the validity of the second part of the theorem. 


(9) 1+ (h—e’)+ ened 


4. Convergence criteria 


The results of the preceding section will now be applied to continued fractions 
(1). It is our aim to find conditions on the numbers a, such that for any given 
sequence {a,} satisfying these conditions a sequence {z,} is uniquely determined 
by the system of equations 


a2. = 22 — il, 


(10) Aan = Z2n—1(Z2n ai 1), 


Qon+1 = Zon (Zon41 — 1), 
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in such a way that the numbers z, satisfy the conditions of Theorem 1. Condi- 
tions of this kind on the numbers a, will clearly entail convergence of the con- 
tinued fraction (1). 

We proceed with the following definitions: 





(i) zeZ,, if egg) Mee, 
q (ii) zee, if s+ ta |> go 
(iii) weWi, if tm gee Riera 
(iv) weWs, if ee 


It follows that z « Z; implies z — 1 « W; and that z e Z: implies z — le W2, 
and conversely. 

We shall determine regions A,(h) and A2(h) with the property that if de,4; € 
Ai(h) and az, € A2(h), the numbers z,(+0) defined by equations (10) will belong 
to Z; , when n is odd, and to Z2 , when n is even. 

To this end let us denote by z- W the set of points containing all products zw, 
where z is fixed and w ranges over the set W. By D[z-W2] we shall denote the 
point set intersection of all such sets z- W2 asz is allowed to vary over the region 
Z,. It follows that a is an element of D[z- We] if and only if a/z is an element of 
W. for allz eZ. 

The region A2(h) may be taken as D[z- We], since for any a ¢ A2(h) and z e Z; 
there exists a 2’ € Ze (i.e., 2’ — 1 € We) such that a = 2(z’ — 1). 

Similarly the region A:(h) may be taken as D[z- W,] where z assumes all values 
of the set X.. Asz = 1 ¢ Z, it is clear that the set A2(h) is contained in the 
set We. 

If now a sequence {a,} with de, € As(h) and den41 € Ai(h) is given, a sequence 
{z,} can be uniquely determined (z, ¥ 0) satisfying the system of equations (10). 
If further the numbers a2, and d2,4; are bounded away from the boundaries of 
their respective regions, then an e and ad can be found such that the correspond- 
ing z, satisfy conditions (7) and (8) respectively. 

From the definition of the set A2(h) it follows that it is that part of the com- 
plex plane which remains when all circular regions z-C are deleted, where z is 
allowed to vary over the closure of the region Z, and C is the closed circular 
region 





The boundary of the region A2(h) can be determined as follows. Consider 
the products zc where z and ¢ are arbitrary values from the regions Z; and C 
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respectively. These products lie outside A2(h) and can lie on the boundary of 
A2(h) only if both z and ¢ lie on the boundaries of their respective regions. Let 
us fix the sum of the arguments of zandc. The products then lie on a ray passing 
through the origin, and only those products will lie on the boundary of A.(h) 
for which the absolute value of the product zc, for a fixed arg zc, is maximized 
and minimized respectively. 

We now note that the circles that form the boundaries of Z; and C have the 
same radius and have centers on the real axis with the x coordinates h’/(h? — 1) 
and —h’/(h? — 1) respectively. 

We further note that for any fixed arg z there are two points z on the circle 
bounding Z,. A similar remark is true for C. Let | z| < | 2 |, arg a = arg 
zand|c| <|ce|,arge: = argc. Mis clear that the minimum and maximum 
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Fic. 1. The Region A2(3) 


absolute values are obtained respectively by considering products of the type 
21C, and 22> . 

Let us set k = h(h? — 1) anda = h?/(h> — 1). Then a = d(a)e™ and ¢ 
= d(p)e'°*™, where 


d(@) = acos 6 — (k’ — a’ sin’ 9)}. 


It follows from considerations of elementary calculus that for a + 6 = y fixed, 
the expression | z:¢; | isa minimum when a = 8 = y/2. We note that 7/2 cannot 
exceed the value arc sin 1/h. 

Substituting the values a = 6 = y/2 = (6 — m)/2 anda = h’/(h’ — 1), 
k = h/(h® — 1) we then have as part of the boundary of the region As(h) 


r= da) = (24 


2 
sh) [1 — h’? cos @ — 2h sin 6/2(1 — h’ cos’ 6/2)"”] 


where r — 2\ S$ 06S a+ 2A;A = arcsin 1/h. 
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An analogous argument shows that the remaining portion of the boundary 
is given by the equation 


2 
r= (44) [1 — h’ cos @ + 2h sin 6/2(1 — h? cos’ 6/2)", 

(rf —-2 505 7+ 2h). 
It follows that A2(h) is the region outside the curve 


(12) r? + Qr(a’ cos 6 — k*) + a’ = 0, 


\ 
\\ 


= 
—— 
A 





EY ‘ 








Fig. 2. The Region A,(3) 


where we recall that 
h? 
hk? — 1’ 


a! 


a= 


and h is any number > 1. . 
Similarly, the condition that a2.4, = re” be an element of the region Ai(h) 


can be shown to be 


1 


a i: [n° — cos 6 — 2 sin 0/2(h” — cos’ 6/2)"”). 


(13) r< 


The following theorem has now been proved. 
THEOREM 3. The continued fraction 
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converges wf the numbers a2, € A2(h) [formula (12)] and the numbers don41 € Ai(h) 
[formula (13)], for some h > 1, and if in addition the numbers a, are bounded away 
from the boundaries of these regions. 

It is of course evident that the roles of the odd and of the even a’s can be 
interchanged. 

As h — 1 the regions A2(h) and Ai(h) both tend to the parabola found by 
Scott and Wall [2]. 

We now note that if the parameter h is taken large enough, the region A2(h) 
can be made to include all the plane except an arbitrary small neighborhood of 
the point z = —1. The region A;(h) is then restricted to a small neighborhood 
of the point z = 0. The following is a corollary of Theorem 3. 

Coro.tuary. The continued fraction (1) converges at least in the wider sense, 
of lim den41 = 0 and if z = —1 is not a limit point of the sequence {den}. 

Under the conditions of the corollary there exists an e > 0 and a positive 
integer n(e) such that | 1 + ae, | > e, when n = n(e). Further, there exists a 
number h such that dz, € Ae(h) for alln = n(e). Finally we can find a positive 
integer n(h) such that for all n = n(h), deni € Ai(3h). If we set N = max 
[n(e), n(h)], the numbers den and de,4:(n = N) will certainly lie in the regions 
A2(2h) and A;(2h) respectively and will be bounded away from the boundaries 
of these regions. Theorem 3 therefore insures the convergence of the continued 
fraction ; 


1 don den+1 


Ii+1+ 1+. 
From a well-known argument it follows that the original continued fraction 
converges at least in the wider sense. The proof of the corollary is complete. 
This result permits the following application to continued fractions of the 
form (2). 
THEOREM 4. Let L (possibly including the point ~) be the set of limit points 
of the sequence {a2,} of the continued fraction 


Qayz aeX 
1 = pd ‘on 
i i 
and suppose lim don41 = 0. The continued fraction then converges to a mero- 


morphic function of the complex variable x in every region contained in the set D, 
where D is defined as follows: x « D if 


|z| <M, 
and uf 


| 1| 
| he 
ere 


for allk e L,k #0. The constants M and e are any positive numbers such that 
e x 4M. 
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Consider the set of numbers a2, . They may be distributed into three cate- 
gories as follows. If the point at infinity belongs to L, the first category A will 
contain all a2, such that | a2, | 2 2/e. If infinity does not belong to L, A is to 
be the null set. By hypothesis | x | > e for all x in D and hence | 1 + dar | > 
1 > e/4M for a2,,¢A. The second category B contains all a2, such that | a2, | < 
1|/2M. This set may be null. Each member of B has the property that 
| dz, | < 1/2 and hence that | 1 + don.x | > 1/2 > e/4M, forallzinD. Finally, 
the third category C contains the remaining numbers d2,. Except for at most a 
finite number of elements of C, the members of C and hence the limit points of C 
are in modulus = 1/2M and S b, where b is a suitably chosen finite constant 2 
2/e. 

By Zermelo’s principle, if needed, numbers k, belonging to Z and a positive 
integer % can be chosen such that for nm = 


| don aoe | é 
\%. 1 <in (don € C). 


It follows from our hypothesis on D that 


1A 
2M 


| ae 
| dont + — 
| kn 


for all x in D. Combining these two relations we see that 


> 





don 
Re | 


Mm _i/>5 ¢ 


; ~*)> gee 








11+ an2| = aan 2 + 


A number h independent of x thus exists such that d2,x7 € A2(h), where for all 
tin D and all n = m the quantities a2,7 are bounded away from the boundary 
of As(h). Further, since lim don4; = 0 and |x| < M, a positive integer m 
exists such that for all n = mand all x in D, den4;” € Ai(h) where the set of all 


Qn,41:¢ is bounded away from the boundary of Ai(h). If we now let N = 
max(m , 21), it follows that the continued fraction 


for do, in C(n = mo) and all x in D. 


. ft Sent... 

‘+ | * 3} + 

converges. The uniform convergence of this continued fraction follows from 
Theorem 2. The quantities z mentioned there are rational functions of the 


variable x, 


(14) 


Git |. 2 
+i + + 1° 
and have no pole for x in D as for all x in D the system of equations (10) has 
unique and finite solutions. The continued fraction (14) therefore converges 
to a regular analytic function in every region contained in D. A well-known 
argument then insures the convergence of the complete continued fraction to a 


z= 14+" 
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function meromorphic in every region contained in D. This completes the 
proof of Theorem 4. 


To illustrate what may happen when lim a2, = —1 and lim d2,41 = 0, we give 
twoexamples. The continued fraction (1) diverges if ag = —2, dz, = —(n +1)/ 
(n — 1) and dony: = —1/n’; it converges if a2 = —2, do = —(n + 1) 
(n? — 3n + 3)/(n — 1)° and aang: = —1/n‘. These results can be quickly 


verified by a reference to equations (10). 


5. Value regions 


As a by-product of the method used to establish the above convergence cri- 
teria we obtain results on value regions. The connection is established by the 
following lemma. 

Lemma. [If there exist in the complex plane four regions A, , A2, Vi, V2 such 
that ' 


i) (a) 1+4,C7N;, 
) 1 + 4s C Ve, 


ii) (a) 1 t+a/veVi,ifaeAi,veV2, 
(b) 1 + a/ve V2,ifaeAz,veVi, 


then all approximants of the continued fraction 


a ae 
(15) I+F4T4 


lie in the region V,; , and all approximants of 


ae a3 
lie in V2 ; af Aen € Ao » Aen+1 € Ay; . 
Let 
Aon fie a, ee Aen 
tee © ae eS te 


It follows from condition (b) of i) that 1 + den « V2. Alternate application of 
conditions ii) (a) and ii) (b) then gives the desired result. The proof is analo- 
gous for the odd approximants of the first and all approximants of the second 
continued fraction. — 

We now note that the conditions of the lemma are satisfied for 


A;(h) = Aj ’ Ao(h) = Ae ’ 
LZ = Vi, Ze _ Ve. 


The following theorem is then an immediate consequence of our previous 
results and the lemma. 
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THEOREM 5. If h > 1, don € Ao(h) [formula (12)], den41 € Ar(h) [formula (13)], 


then all approximants of the continued fraction (15) lie in the region Z, [formula 


(1 


i. 
2. 


1), (i)] and all approximants of (16) lie in Z [formula (11), (ii)]. 


Tue Rice INSTITUTE. 
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ON THE CONTINUUM HYPOTHESIS 


By Isatan MAxIMOFF 
(Received March 21, 1942) 


(r) 


In an earlier paper’ the author proved that the set EZ” of all the sequences 


(1) = {%,%1,%2,°**La,°**},a ZB <Q,, 
(2) x= {10,%1,%2,°°'2a,***},a <Q,, 


where Xq is any one of the numbers 
(3) 1,2,3,-°-7,°°°,47 <&, 


is a continuum of power 2%: . 

Let (a, b) be a pair of elements of the set ES” such that a < b. 

DEFINITION 1. The set of all the elements x such thata < x < b will be called 
an interval (a, b) with the boundaries a, b. 

Let E be a set of points in EF”. 

DEFINITION 2. A point x of ES” will be called a limit (S)-point for E if every 
interval containing x contains at least one point x, of E different from x , x11 ¥ X%. 

Let ES” be the set of all the limit (J)-points for E. 

DEFINITION 3. We shall say that a set E is perfect (S) if ES? = E. 

Let y = f(x) be a single valued function defined in E C ES”. Denote by 
f(E) the set of all the points y = f(x) where z « E. 

_ Derinition 4. The function y = f(x) will be called regular in E if for every pair 
(a1 , 2) of points x , X2 of E such that x, # x2 we have f(x1) ¥ f(a). 

DeriniTion 5. The function y = f(x) will be called continuous (J) in E if for 
every pair (xo , yo) where yo = f(x), Xo € E, to every interval i(yo) containing yo there 
corresponds an interval i(x9) containing x» and having the following property: from 
Xo € 1(20)E there follows y €1(yo)f(E). We then write: 1(yo) — 1(a). 

Derinition 6. The set E C ES” will be called hypermeasurable (S) of E either 
contains a perfect (S) set or is of the power < &,. 

DEFINITION 7. A function y = f(x) defined in E, will be called hypermeasurable 
(S) in E, if the set E contains a perfect (SJ) set Pin which f(x) is continuous (J). 

DEFINITION 8. Let 


(4) x = [Xo,T1,%2, °°", Ta,***},a < Qe, 


nm” 


be a sequence of points Ta of the space This sequence will be called a point of 


the transfinite space E;". 
Evidently, the power of the set £7" is equal to 28"**. We shall say that a point 


(5) x! = (20,01, 22, +++ ta s+}, a < Mae, 


of E>" is equal to a point 





1 On a Continuum of Power 2%‘ (Annals of Mathematics, vol. 41, no. 2, April 1940). 
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(6) s” = {xo , 21,22 ,°**Za,°°*},a < Dean, 
ifr, = x. for every a <Q,4.. In the contrary case we write x’ ~ x’. We 
shall denote by p J the point 


t= {to ,%1,%2,°**2a,***},a < Qrak, 


of E%* such that a = a = @2 = ++: = ag =-:: = pe ES”. 
Let E be any set of points in zt and let 


t= {Zo, T1, Za, °*+ Za,°°*f}, a < Q+e, 


be any point of HE. We shall denote 
(i) by {Z}« the point #, of ES”, Z. = {#}a; 
(ii) by {Z}. the set of all the points {%}. where Z«E. A set S C E;* will be 
called an interval in E£;" if {S},, is an interval in EF,” for every a < Q,4,. Fur- 
thermore we shall say that a set E, E C E%", is perfect (J), hypermeasurable 
(S) if the set {#}. is perfect (S), hypermeasurable () respectively. 

If we now suppose that to every point 


E = (Ho, t1, te, ++ Za, +++}, a < Dee, 
k ° 
of aset H C E>" there corresponds one and only one point 


y = f(%) = {fo(%o), fil%s), fo(42), +++ falZa), *++},a < Qe, 


of E:", then we have a single valued function y = f(x) defined in E C E%". 

Denote by f(£) the set of all the points y = f(z) wherexe EF. If f(a.) ¥ f(x2) 
in all cases when x; * 2, x; € E, 2 € E, then the function f(x) is said to be 
regular in E. 

A function f(x) defined in E, E C E%", will be called continuous (S), hyper- 
measurable (‘S) in E if {f(x)}q is respectively continuous (S), hypermeasurable 
(J) in {EF}, for every a < Q,4;,. From this it follows that a function defined in 
E CE; is hypermeasurable (JS) in E if E contains a perfect (J) set P such that 
f(z) is continuous (S) in &. 

We denote by E, the set of all points 


7 {Zo , %1, %2, °°" Za, ***}, a < Dye, 


of E;* having the following property: any one of the elements 2 , 21, 2, *** a» 
+ a@ < Q,4x, of Ey” is the rational point {2} of ES” and every other element 
is the rational point 11} az’. 

Let |e| be the point 


z= {x9 ,%1,%2,°°*La,°*'} 
of E;* such that x = {2} and aq = {1} fora # a. 
eo by E, the set of all points p J where p e ES? andI = ra, 4,4, %+<'f, 


}eHy. 
aioe we consider a correspondence 
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(7) a = Z(p) 


between the number a, 1 S a < Q,4,, and the point p« ES”.’ It is easily seep 
that we can replace the correspondence (7) by the equivalent correspondence 


(8) la] = Z(el) 


between the points 


lal, pl 
of E;*. 
We shall say that f(x) is a function of Nicholas Parfentieff if 
(i) f(x) is regular in E; ; 
(ii) E; ¥ f(E2). 


We denote by (P) the class of all the functions of Nicholas Parfentieff. 

THEOREM 1. If a function f(x) is continuous (S) and regular in E, C Ey 
then f(x) ts a function of N. Parfentieff. 

Proor. Suppose the function f(x) does not belong to the class (P). Since 
f(x) is regular in FE, , we have: EL; = f(F2). Since the function y = f(z) is con- 
tinuous (S) in Zz, to an interval S (yo) C Ez" (y = f(x0), 20 € E) there corresponds 
an interval Sf (x) in such a manner that when x runs over the set S (x0)E2 then 
f(x) runs over a set H contained in J (yo) f(EZ2). We then write: S (yo) > F(x). 
Let ‘,(y) be an interval in £7" containing the point |»| « Ez". Evidently, to the 
interval ‘f,(y) there corresponds an interval S(x), S,(y) — S(x), where y = f(z). 
It is obvious that the set S(x)E, has the power =No, but the set S,(y)E, consists 
of one and only one point ||. Since the function f(x) is regular in E2 , the set 
H of all the points f(x) where z ¢ ‘S(x)E2 also has the power No. However 
this is impossible in view of H C J,(y)F, . 

THEOREM 2. Every hypermeasurable (JS) regular in E, function y = f(x) isa 
function of N. Parfentieff. 

Proor. Suppose the function y = f(x) does not belong to the class (P). 
Since f(x) is regular in FE, , then EL, = f(E2). Since the function f(x) is hyper- 
measurable (J) in E,, there exists a perfect (J) set F contained in EZ, and such 
that f(x) is continuous (J) in F. Let Ei = f(F) and let |#| be any point of Ey. 
It is clear that to an interval S.(y), S.(y) C Ez", (y = f(x), x € F) there corre- 
sponds an interval S (x) C E;‘ in such a manner that when z runs over the set 
J(x)F, then y = f(x)-runs over a set H’ contained in J,,(y)E; ; for f(x) is regular 
in E, and since J,,(y)E: consists of one and only one point. But the set S(z)F 
has the power =No, and so H’ has also the power =No. This is impossible 
since H’ CS,(y)E; . 

Thus, in the mathematics £ of the hypermeasurable (JS) functions we have: 
2" 4 Niu. (0 Sr < M,1 Sk < &). 


TcHEBOLSSARY, TCHAPAEWSKIPOSELOK, U.S.S.R. 
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IINEARLY ARC-WISE CONNECTED TOPOLOGICAL ABELIAN GROUPS 


By R. C. JAMEs 
(Received December 10, 1941) 


Several types of connectedness of topological spaces can be defined in terms 
of continuous functions with real numbers as arguments and values in the 
space.” The function can be required to be linear if the space is a topological 
abelian group, giving rise to properties that can be used as necessary and suf- 
fcient conditions for the topological abelian group to be a linear topological 
space. If the concepts of convexity and boundedness are generalized to topo- 
logical abelian groups, these properties lead to a theorem on normability 
analogous to one given by Kolmogoroff for linear topological spaces. I am 
indebted to Dr. Michal for suggesting an investigation of linear arc-wise con- 
nectedness, and for his guidance. 


1. Topological groups and linear topological spaces 


By a topological group, we mean an abstract group which has a Hausdorff 
topology’ with respect to which the group operations are continuous. A topo- 
logical abelian group is a topological group whose abstract group is abelian. 
A linear topological space is a linear space* which has a Hausdorff topology with 
respect to which the fundamental operations x + y and az are continuous. It 
can easily be shown that a linear topological space is a topological abelian 
group and has the following properties: 


I. If ax = 0, either x = Oora = 0. 
II. If ax = ay anda ¥ 0, then x = y; if ax = br and zx ¥ 0, thena = b. 
III. If U is an open set and a ¥ 0, then aU is an open set. 
IV. If U is a neighborhood of the origin, there is a neighborhood V of the 
origin such that aV C U for all a satisfying | a| < 1. 


2. Continuous functions and arc-wise connectedness 


The functions treated in this paper are exclusively functions with real num- 
bers as arguments and values in a topological abelian group or a linear topologi- 
cal space. Such a function f(é) is said to be continuous at ¢ = t, if for any 
neighborhood U of f(t,) there is a 6 > O such that f(é) e U for all ¢ satisfying 
t— t,| <6. A continuous function will be called linear if it is additive [i.e. 
f(a + t) = f(4h) + f(t)] and continuous throughout its interval of definition. 
It will be convenient to introduce the concept of uniform continuity: 

DEFINITION 2.1. A function f(t) with real numbers as arguments and values in a 
topological group T is said to be uniformly continuous in an interval (a, b) uf for any 

1 See Pontrjagin (VI) for a discussion of these properties. (Roman numerals refer to the 
bibliography .) 

*Kolmogoroff (IV). 

* Hausdorff (II). The space satisfies (A), (B), (C), (5), pp. 228-229. 

‘Banach (1), pg. 26. 
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neighborhood U of the identity there is a positive number 6 such that f(t) ef(t) + Y 
of t, and t belong to (a,b) and | t; —t| <6. 

This definition can be readily extended to functions of several variables, It 
can be shown that a uniformly continuous function is continuous and that a 
function which is continuous in a closed interval is uniformly continuous in this 
interval. 

Several types of arc-wise connectedness of topological spaces can be defined 
in terms of continuous functions of a real variable, two points x and y of the 
topological space being said to be joined by a curve or are if there is a con- 
tinuous function f(t) such that f(0) = x and f(1) = y.° Only one of these types 
of connectedness is needed in this paper (def. 2.2), although the others will be 
used for topological abelian groups in a more restricted sense as defined by means 
of linear functions. 

DEFINITION 2.2. A topological space is called simply connected if every closed 
path in the space can be continuously shrunk to a point; explicitly, if for every closed 
path f(t) for which f(0) = f(A) there is a function g(s, t), continuous symultaneously 
in s and t, for which g(0, t) = f(), g(1, t) = f(0), and g(s, 0) = g(s, 1) = f(0). 

DEFINITION 2.3. A topological abelian group T is called linearly arc-wise 
connected if: (1) the identity can be joined to any point of T by a curve defined by a 
linear function; or (2) any two points x, and x2 of T can be joined by a curve defined 
by an affine function, i.e. a function f(t) satisfying the functional relation: 
f0) + fli + &) = ff) + f(t). If there is only one linear path joining the 
identity to any given point of T, then T will be called uniquely linearly arc-wise 
connected. 

DEFINITION 2.4. A topological abelian group T is called locally linearly arc-wise 
connected if: (1) for any neighborhood U of the identity there is a neighborhood V of 
the identity such that the identity can be joined to any point of V by a curve contained 
in U and defined by a linear function; or (2) for any neighborhood U’ of a point x 
of T there is a neighborhood V’ of x; such that any point x2 of V' can be joined to 2, 
by a curve contained in U' and defined by an affine function. 

It can be shown that the two forms of definition 2.3 (or 2.4) are equivalent. 
From the fact that a connected topological group can be generated by an arbi- 
trary neighborhood of the identity,’ it follows that a topological abelian group 
which is connected and locally linearly are-wise connected is also linearly are- 
wise connected. A linear topological space can be shown to have the properties 
of definitions 2.2, 2.3, and 2.4. In fact, the linear path joining the identity to 
any point x is f(f) = tx, and any closed path f(t) can be continuously deformed 
to a point by means of the function g(s, f) = sf(0) + (1 — s)f(é. Property IV 
of section 1 shows that a linear topological space is locally linearly arc-wise 
connected. 


5 See Pontrjagin (VI), pp. 219-221, for explicit definitions. 
6 The definition of curve implies that f(t) is also continuous. 
7 Pontrjagin (VI), pg. 76, theorem 15. 








Sine 
necess: 
space. 
connec 
either 
order 
ean be 
connec 
provid 
that 

Let 
where 
as (x14 
u= ( 
is a te 
linear] 
of the 
this is 
eleme! 
absolu 
is @ pl 
for eat 
eleme! 
eleme! 

The 
sectiol 

LE 
has a 
least n 

LE\ 
and fe 
the ade 
order 

Ler 
certai 
not ni 
the id 
is den 
identi 

Let 
is an 


the id 


It 
at a 
this 


ined 

the 
con- 
ypes 
l be 


ans 


osed 
osed 
usly 


wise 
ny a 
ned 
on: 

the 
vise 


vise 
7 of 
ned 
ta 1 
DX 








CONNECTED TOPOLOGICAL ABELIAN GROUPS 


3. Points of finite order in a topological abelian group 


Since a linear topological space has no non-zero points of finite order, this is a 
necessary condition for a topological abelian group to be a linear topological 
space. It will be shown in this section that a topological abelian group which is 
connected, simply connected and locally linearly are-wise connected must have 
either no non-zero elements of finite order or the set of elements of the n™ 
order is dense in itself for each n > 1. However topological abelian groups 
ean be found which are linearly are-wise connected and locally linearly arc-wise 
connected and have any desired number of elements of a given prime order, 
provided an abstract abelian group exists which has this number of elements of 
that order. This is shown by the following examples: 

Let 7 be composed of elements of the form x = (a , 2%, ---),y= (y1,y2, °°"), 
where x; and y; are any complex numbers of absolute value 1. Define x + y 
as (X11 , L2¥2, --:) and a neighborhood U of z as the set of elements of the form 
u = (uw, U,-*+), Where | u; — 2;| < efor? S$ 1/e. It can be shown that T 
is a topological abelian group which is linearly arc-wise connected and locally 
linearly arc-wise connected (but not simply connected) and the set of elements 
of the n™ order is dense in itself foreachn > 1. It is an open question whether 
this is possible if the space is also simply connected. Let 7’ be composed of 
elements of the form x = (a1, %2, +++ , %), where x; is any complex number of 
absolute value 1, and addition and neighborhoods are defined as above. If p 
is a prime, the element 2 is of the p order if and only if x; = exp (2mi(n;/p)) 
for each j, and at least one n; is not a multiple of p. Hence 7” contains p’ — 1 
elements of the pt® order, and any abstract abelian group contains p’ — 1 
elements of the pt order (for some integer r). 

The following three lemmas will be used in establishing the theorem of this 
section : 

Lemma 3.1. Jf a topological abelian group is linearly are-wise connected and 
has a non-zero element of finite order, then for each positive integer n there are at 
leastn — 1 non-zero elements x; such that nx; = 0. 

Lemma 3.2. If a topological abelian group is locally linearly arc-wise connected, 
and for some integer p > 1 there is an element of order p in every neighborhood of 
the identity, then this is true for any positive integer n, and the set of elements of 
order n ts dense in itself (for each integer n > 1). 

Lemma 3.1 and the first part of lemma 3.2 can be readily proved by exhibiting 
certain closed linear paths which are not identically zero. Connectedness is 
not necessary in Lemma 3.2, since a closed linear path in some neighborhood of 
the identity is sufficient. The proof that the set of elements of order n (n > 1) 
is dense in itself if there is an element of order n in every neighborhood of the 
identity is as follows: 

Let x be any element of order n and W a neighborhood of xz. Then W — x 
is an open set containing the identity. Let U GC W — z bea neighborhood of 
the identity which contains none of the elements ix (¢ = 1, 2, --- ,m — 1), and 
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V be a neighborhood of the identity such that V” C U2 There is by assumption 
an element y of order n belonging to V. Then x + ye W and n(x + y) = 
nz +ny = 0. Ifi(x + y) = Ofor0 <i <n, then ty = —ix = (n — ig, 
But this is impossible, since y e V, tye V' C U, and (n — 7)x does not belong 
to U. Hence for each positive integer n the set of elements of order n is dense 
in itself. 

Lemma 3.3. If a topological abelian group is locally linearly arc-wise connected 
and there is a positive integer n and a neighborhood U of the identity such that 
xe Uand nz = Oimply x = 0, then for any neighborhood M of the identity there isa 
neighborhood N © M such that if y ex + N, and x, is any point such that na; = 2, 
there is a unique point y; which belongs to x; + N and is such that ny; = y. 

Proor: For such a neighborhood U and any neighborhood M of 0, take a 
neighborhood V such that VC Mand V CU. Let N be the set of all points 
of V which can be joined to the identity by a linear path f(¢) for which there is a 
neighborhood L of the identity such that f(t) + L CV. Suppose nx; = z and 
yex+N,ory—xeN. Letg(t) be the linear path joining the identity to y — z, 
Then y: = 21 + g(1/n) €21 + N, and ny, = y. Since N C U, there is no other 
point ye of x; + N such that ny, = y. 

It now remains to show that N is open. Let x be a point of N, f(t) the linear 
path joining the identity to z, L the neighborhood of the identity such that 
f(t) + L CV, and L’ a neighborhood of the identity such that 2L’ C L. Since 
T is locally linearly arc-wisé connected, there is a neighborhood L” of the identity 
such that if y « L”’ there is a linear path contained in L’ which joins the identity 
to y. Then L’”’ + z is an open set contained in N, for if ze L’’ + x, then 
z — xe L"”, and hence there is a linear path g(t) contained in L’ and joining the 
identity tox. Then (g(t) + f(é)] + L’ C V and g(é) + f(t) joins the identity to z. 
Hence ze N. 

THEOREM 3.1. If a topological abelian group T is connected, simply connected 
and locally linearly arc-wise connected, then T either has no non-zero elements of 
finite order, or else for each positive integer n > 1 the set of elements of the nth order 
is dense in itself. 

ProoFr: Suppose there is a non-zero element of finite order and the points 
x; for which 2x; = 0 is not dense in itself; that is, there is a neighborhood U of 
the identity such that x e U and 2x = Oimply x = 0. Since 7’ is connected and 
locally linearly arc-wise connected, it is linearly arc-wise connected. Let f(t) 
be a linear function of t for which f(0) = 0, f(1) = x # 0, where we T. By 
lemma 3.1, there is an element y of order two. Then 2[f(1/2) + y] = 2, and 
since T is linearly are-wise connected, there is a function F'(¢) which is continuous 
for 0 S t S 1 and such that F(O) = f(1/2), FQ) = f(1/2) + y. Also, 2F(t) is 
a closed path beginning and ending at x, and hence there is a function g(s, ¢), 
continuous simultaneously in s and ¢, such that g(0, t) = 2F(é), g(1, t) = 2, 
g(s, 0) = g(s, 1) =. 

Take a neighborhood N C U of the identity, as defined in lemma 3.3. There 





8 U" is the set of all y = w + w2 + --- + Un, where each u; belongs to U. 
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isan e, such that if0 Ss <«4,|t’—t|<«,and0 StS 1, then g(s, t)e N + 
g(0,t’)forall’’ OS?’ S 1).° Let 0 < 8s; < «, and hence g(s; , t’) €g(0, t’) + N 
for all t’. Since N has the properties of lemma 3.3, there is a unique point 
a,¢N + F(t’) such that 2x, = g(s,, t’). Define the function F(s, , ¢) by the 
relations F(s,, t’) = a. The function F(s,, ¢) is uniquely defined for all 
((0 St <1);and F(s,,0) = FO), F(s:, 1) = F(1), 2F(s1, t) = g(s, 2). 

It will now be shown that F’(s; , ¢) is continuous int. Let U be any neighbor- 
hood of F(s, , t’). Since F(s,, t’) + 0 C F(t’) + N, there is a neighborhood U; 
of F(s, , t’) and a neighborhood V of 0 such that Ui + V C F(t’) + N and 
U, C U. If & is such that F(t’) — F(t) C V for |t’ — t| < &, 
then U; + F(t!) — F(t) C F(t’) + N, or Ui C F(t) + ‘N, for | #’ — t| < &. 
Similarly, there is a 6: and a neighborhood U2 of g(s,, t’) such that 
U,Cg(0,t) + Nif|t’ —t| <&. Since Ui — F(s,, t’) and U2 — g(s;, t’) are 
both neighborhoods of the identity, there is a neighborhood M of the identity 
which is contained in their intersection. Take N’ C M and having the property 
of Lemma 3.3. Let 6 be a positive number equal to or less than the smaller of 
§, and 6, and such that if |¢’—t| < 6, then g(s:, f)eg(si, t’) + N’. 
If |’ — t | < 6, then there is a unique point 2; in F(s; , t’) + N’ such that 22, = 
g(s:,¢). But since F(s; , ¢) is the unique point in F(¢) + N such that 2F(s; , t) = 
g(s:, 2), and 2, € F(s, , t’) + N’ CU; C F(é) +N, it follows that 2, = F(s,, t). 
That is, if |’ — t| < 6, then F(s,, t)e F(s,, ’') + N’ CU, CU. Hence 
F(s, , ) is a continuous function of ¢. 

There is an e (the same for all s,, é4) such that g(s, t)eg(s1, 4) + N 
if|s; —s| <¢«,|t, —¢| < ¢, ands and ¢/are in the interval (0,1). Hence the 
above process can be continued by “jumps” of e«. That is, if F(s,, ¢) is a con- 
tinuous function of t and F(s; ,0) = F(0), F(s:, 1) = F(1), 2F(s, t) = g(s, t); 
then a continuous function of t, F(s, t), can be defined for any s (s: < s < 3, + «, 
0 < s S 1), such that F(s, 0) = F(O), F(s, 1) = F(1), and 2F(s, t) = g(s, ¢). 
But F(1, ¢) is a continuous function of ¢ and F(1, 0) = F(O), F(1, 1) = F(1), 
and 2F(1, t) = g(1,t) =z. This contradicts the fact that in each of the neigh- 
borhoods F(0) + N and F(1) + N of F(Q) and F(1), respectively, there is only 
one point x; such that 2%, = x. That is, the assumption that there is a point 
of finite order and a neighborhood U of the identity such that x e U and 2x = 0 
imply x = 0 has been shown to be impossible. Hence if there is a non-zero 
point of finite order, there is a point of the second order in every neighborhood 
of the identity. Then from Lemma 3.2 it follows that the set of points of order 
n is dense in itself (for each integer n > 1). 


4. Conditions for a topological abelian group to be a linear topological space 


The following lemma will be needed to establish the results of this section. 
It is equivalent to the continuity of multiplication by real numbers, as defined 
in the proof of theorem 4.1. 

Lemma 4.1. If a topological abelian group T is uniquely linearly arc-wise 





® See definition 2.1 and the following discussion. 
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connected and locally linearly arc-wise connected, then the function F(t, x) = f(t), 
where f(t) defines the linear path joining the identity to x, is simultaneously con- 
tinuous in t and x. 

Proor: Let x’ and ¢’ be any values of x and t, and W a neighborhood of 
f(t!) = F(t’, x’), where f(£) is the linear path joining the identity to x. Since 
0+ f(t’) = f(t), there are neighborhoods V; and V2 of the identity and f(t’), 
respectively, such that Vi + V2 C W. Since T is locally linearly arc-wise 
connected, there is a neighborhood V’ of the identity such that each point of V’ 
can be joined to the identity by a linear path contained in V;. Take U = 
xz’ + V' andazeU. Let g(é) and f(t) be the linear paths joining the identity 
to x and x’, respectively. Then g(é) — f(t) is the linear path joining the identity 
tox — x’ « V’, and is therefore contained in V;. Since f(é) is continuous, there 
is an e > 0 such that f(t) « V2 for all ¢ such that |?’ —t|<e. If|—t|<.« 
then g(t) — f(t) + f( = g(t) belongs to W. Since g(t) was the linear path 
joining the identity to an arbitrary point x of U, it then follows that F(é, x) is 
simultaneously continuous in ¢ and 2. 

THEOREM 4.1. A necessary and sufficient condition that a topological abelian 
group T be a linear topological space is that T be uniquely linearly arc-wise con- 
nected and locally linearly arc-wise connected. 

Proor: For each real number a and point x of 7’, define a-x as F(a, x) = f(a), 
where f(é) is the linear function joining the identity to x."° Lemma 4.1 states 
that this multiplication is continuous simultaneously ina and x. From the fact 
that f(é) is additive, it also follows that the multiplication satisfies the postulates 
for a linear space. Hence T is a linear topological space. 

Several variations of this theorem can be gotten by giving other conditions 
in place of the unique linear are-wise connectedness. It can be shown that if 
the linear path joining the identity to some point x is unique, or if there are no 
non-zero points of finite order, then the topological abelian group is uniquely 
linearly arc-wise connected if it is linearly arc-wise connected. 

CoroLLaRy. A necessary and sufficient condition that a topological abelian 
group T be a linear topological space is that T be connected, locally linearly are- 
wise connected, and for some element x ¢ T there is only one linear path joining the 
identity to x. 

CoROLLARY. A necessary and sufficient condition that a topological abelian 
group be a linear topological space is that it be connected, locally linearly arc-wise 
connected, and possess no non-zero elements of finite order. 

If a connected topological abelian group T' is locally linearly are-wise con- 
nected, it is also linearly arc-wise connected. If T is also simply connected, it 
then follows from theorem 3.1 that 7’ either contains no non-zero elements of 
finite order, or the set of elements of order 7 is dense in itself for each n > 1. 
Hence the second corollary above can be written in the form: 

THEOREM 4.2. A necessary and sufficient condition that a topological abelian 


10 f(t) is only required to be defined for 0 < ¢ < 1, but it can be uniquely extended to all 
real numbers by using the additive property. 
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group be a linear topological space is that it be connected, simply connected, locally 
linearly arc-wise connected, and there exist an integer n > 1 and a neighborhood U 
of the identity such that U contains no elements of order n. 


5. Convex topological groups 


A. Kolmogoroff and A. Tychonoff have called a neighborhood U of the origin 
of a linear topological space convex if az + (1 — a)y is in U for any elements 
zand y of U and real number a in the interval (0, 1)." A linear topological 
space is said to be locally convex if for any neighborhood U of the origin there is 
a convex neighborhood V contained in U. John von Neumann calls a linear 
topological space convex if for any neighborhood U of the origin there is a neigh- 
borhood V C U such that 2V = V’.” J. V. Wehausen has shown that these 
concepts of convexity and local convexity are equivalent.” Convexity can be 
extended to topological groups in a number of ways, the following seeming to 
be the most satisfactory. 

DEFINITION 5.1. A topological group is called convex if for every neighborhood 
U of the identity there is a neighborhood V € U such that nx e V" implies x e V 
(for every positive integer n). 

When the topological group is a linear topological space, this definition is 
equivalent to the above definitions of convexity and local convexity. It is 
also evident that a convex topological group has no non-zero points of finite 
order. The definition of convexity given by von Neumann can be applied to 
topological groups without rewording, but is not entively satisfactory, since 
for each y in some neighborhood of the identity it implies the existence of an x 
such that 2x = y. Convexity as given in definition 5.1 also has the advantage 
of being a consequence of normability (def. 6.4). 

LemMa 5.1. A topological abelian group T which is convex and linearly arc- 
wise connected is locally linearly arc-wise connected. 

Proor: Take any neighborhood U of the identity. Choose a neighborhood 
V such that V C U and nze V" implies xe V. Let x be any point of V and 
f(t) the linear path joining the identity to x: f(0) = 0,f(1) = x. Let p/q be any 
rational number in the interval (0, 1), where p and q are positive integers. Then 
d(p/q) = f(p)« V’ CV’. Hence f(p/q) « V. Since f(t) is continuous, it then 
follows that f(t) « V for0 < t S$ 1. That is, each point of V can be joined to 
the identity by a linear are contained in U, and hence T is locally linearly are- 
wise connected. 

THEOREM 5.1. <A necessary and sufficient condition that a topological abelian 
group be a convex linear topological space is that it be convex and linearly arc-wise 
connected. 

This theorem is an immediate consequence of the above lemma and theorem 
4.1, 





 Kolmogoroff (IV) and Tychonoff (VII). 

” Neumann (V), pg. 4. 2V is the set of all uw = v + v, wherev e V; V? = V + V is the set 
of all vy; + v2 , where v; and v, belong to V. 

18 Wehausen (VIII), pg. 158. 
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6. Bounded sets and normable topological abelian groups 


Several equivalent definitions of bounded sets in linear topological spaces 
have been given. The following one is due to J. v. Neumann, and can be ex. 
tended to topological groups. This property will be used in finding conditions 
for normability of topological abelian groups. 

DEFINITION 6.1. A set S of a linear topological space is called bounded if for 
any neighborhood U of the origin there is a number a such that S C aU." 

DEFINITION 6.2. A set S of a topological group will be called bounded if for any 
neighborhood U of the identity there exists an integer n such that (1/m)S C U for 
all integers m = n, where (1/m)S is the set of all x such that mz € S. 

DEFINITION 6.3. <A topological group will be called locally bounded if it has a 
bounded neighborhood of the identity. 

It can easily be shown that definition 6.2 is equivalent to definition 6.1 when 
the topological group is a linear topological space. Definition 6.1 could have 
been revised for topological groups by merely requiring that a be an integer, 
However this has the disadvantage of implying that for each element 2 of a 
bounded set S C aU (where U is a neighborhood of the identity) of a topologi- 
cal group there exists an element u of U such that x = au. For example, if this 
definition were used, no non-zero elements of the multiplicative group of rational 
numbers would be bounded. Boundedness as given in definition 6.2 also has 
the advantage that local boundedness is implied by normability (def. 6.4), while 
the above example shows that this would not be true for the other form. 

Even if the topological group were linearly are-wise connected, def. 6.2 would 
not be equivalent to the form gotten by replacing “‘(1/m)S C U” by “S CmU”. 
This is illustrated by the multiplicative group of all complex numbers with 
absolute value 1, for any single element is bounded in the revised sense, but no 
element is bounded in the sense of def. 6.2. This difference is closely related to 
the fact that the form “‘(1/m)S C U” implies that the set of all na (for n an in- 
teger) is unbounded (symbolically, lim nz= @ ) if x # 0, while the second does not. 


Requiring that the relation (1/m)S C U hold for all m 2 n, rather than merely 
(1/n)S C U, has easily seen advantages, but becomes ambiguous when the 
topological group is a linear topological space. 

DEFINITION 6.4. A topological abelian group T is normable if to each point 
a of T there can be associated a non-negative real number | x | which satisfies the 
conditions: 

(1). | na | = | n|| 2x | for all integers n and elements x of T. 

(2). |z2+y|slel+lyl. 

(3). The system of neighborhoods of T is topologically equivalent to the system of 
neighborhoods defined in terms of the distance between two points, as given by 


p(t, y) = |x — yl. 
THEOREM 6.1. A necessary and sufficient condition that a linearly arc-wist 





14 This and three other equivalent definitions are given in Hyers (III). 
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connected topological abelian group T be normable is that T be a normable linear 
topological space.” 

Proor: It is evident that the conditions of the theorem are sufficient. Now 
suppose that 7 is a normed linearly arc-wise connected topological abelian 
group. It follows from (1) and (3) of definition 6.4 that |x| = 0 if and only 
ifiz = 0. T then contains no non-zero points of finite order, for if nx = 0 it 
follows that | nz | = 0 = | n || x |, and hence that x = 0. It will now be shown 
that 7’ is also locally linearly are-wise connected. Let U be the neighborhood 
of the identity consisting of all points x for which | x | < « , and V be the neigh- 
borhood of the identity consisting of all points x for which |x| < e&, where 
@<«. Let y bea point of V and f(é) the linear path joining the identity to 
y {f{0) = 0, f1) = y]. Suppose f(t) does not belong to V for some rational 
number 4, = p/q, 0 < p/q < 1, where p and g are positive integers. Then 
f(p/q) | 2 e, and | f(p)| = al f(p/q)| 2 qe. But since | f(1)| < e, it 
follows that | f(p)| < pe. These statements are contradictory, since 
0<p/q<1l,org>p. Hence f(t) « V for all rational values of t in the interval 
0<¢<1. From the continuity of f(0 it follows that f(t) «eV CU for allt. It 
has thus been shown that 7 is locally linearly are-wise connected. 7’ is then a 
linear topological space by the second corollary of theorem 4.1. It only remains 


toshow that | az | = /|a@||a/forallreala. From definition 6.4, | pr | = | p || x | 
for allintegers p. Hence | (p/q)x | = | p || 2/q| =| p/q|\q\|2/q! =! p/q|| x}. 
That is, |ax| = |a||2| for all rational a. From the continuity of ax and the 
continuity of the norm, it now follows that | az | = | a || 2 | for all real a. 


THEOREM 6.2. A necessary and sufficient condition for the normability of a 
linearly arc-wise connected topological abelian group T is that T be convex and 
locally bounded. 

Proor. If 7 is a normable, linearly are-wise connected topological abelian 
group, then 7’ is a normable linear topological space. If the system of neighbor- 
hoods is defined in terms of the norm, it is easily seen that each neighborhood is 
bounded and convex. Conversely, if the topological abelian group 7’ is convex 
and linearly are-wise connected, it follows from the second corollary of theorem 
41 that 7 is a linear topological space. If T is also locally bounded, it follows 
from a theorem of Kolmogoroff’s’® that 7 is a normable linear topological space 
and hence a normable topological abelian group. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 
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1. Introduction 


In this paper we study continued fractions of the form 

l aj a; 
bi +2 ro be +2 = bs 4+ 2 — ee? 
in which the a, are real and positive, and the b, are complex numbers with nonnega- 
tive imaginary parts. In addition, we are concerned with certain infinite matrices 
connected with this continued fraction. 

In the earlier investigations of continued fractions of this form, beginning with 
the classical work of Stieltjes [15]', the 6, have been supposed real. For this 
ease, and with some additional restrictions, Stieltjes was able to connect the 
continued fraction with one or more integrals of the form 


= 
(1.2) cee) 


For particular cases where these restrictions are relaxed, Van Vleck [16] obtained 
again a connection with an analogous integral the range of which he had to 
extend over the whole reai axis. Hilbert’s [11] famous theory of bounded 
quadratic forms in which the ideas of Stieltjes are in the background allows 
immediate application to continued fractions of the form (1.1) and their connec- 
tion with integrals of the form (1.2) but with a finite range of integration.” 
Grommer [4] showed that the process of Hilbert can be applied to more general 
cases where the integral extends from — «© to +. A general theory of the 
continued fraction (1.1) in which the a, and b, are real and a, + O was first 
developed by Hamburger [5] following the pattern laid down by Stieltjes. At 
about the same time the general case was treated by several other mathemati- 
cians: Hellinger [6] employed Hilbert’s theory of infinite linear systems, R. 
Nevanlinna [12] used methods of function theory and asymptotic series, and 
Carleman [2] used his theory of integral equations. 

In contrast with earlier extensions of Stieltjes’ original theory, the problem of 
the present paper is unsymmetrical from two points of view: the functions which 
are obtained exist in general only in the upper half-plane, ¥(z) > 0, and the 
infinite matrix J of the system of equations 


(1.3) —@ptp + (bp4i + 2)2p41 — ApyiTpe = 0, p = 0,1, 2,---, (a = 0), 


(1.1) 








Presented to the American Mathematical Society, April, 18, 1942. 
1 Numbers in square brackets refer to the bibliography. 

2 Cf. Hellinger-Toeplitz [8]. 
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is not Hermitian. In spite of this asymmetry, we are able to develop a theory 
analogous to the classical theory. The principal points may be summarized as 
follows. 

A. The nest of circles.’ Regarding the continued fraction as an infinite 
product of linear transformations, we find for $(z) > 0 a nest of circles K,(z), 
K2(z), K2(z), --- each inside the preceding and lying in the lower half-plane, 
such that the n-th approximant of (1.1) is on K,(z). We find for the radius 
r,(z) of K,(z) the formula ’ 


Tn(z) = :. 


n ’ 


2 >> 3(b, + z) | Bp-a(z) 
p=1 


(ef. (2.16) and (2.13)) where x, = B,_1(z) is that solution of (1.3) for which 
x; = 1. We have to distinguish two cases according as r(z) = lim,—.» r,(z) is 
positive (limit-circle case) or zero (limit-point case). In the latter case, (1.1) 
converges, while in the former case it may converge or diverge (§2). 

B. Theorem of invariability. We show that the distinction between the two 
cases is independent of the particular value of z. This is accomplished in two 
different ways. 1. Using methods of function theory, particularly the Stieltjes- 
Vitali theorem, we show that it is sufficient to consider the continued fraction 
(1.1) for z = 0. In this way we find that in addition to the distinction between 
the two cases, also the fact of convergence or divergence of (1.1) is independent of the 
particular value of z (§ 4, 5). 2. Using for the linear difference equations an 
idea which Wey] [19]* has applied in similar problems on differential and differ- 
ence equations, we prove a more general formulation of the theorem of invari- 
ability (Theorem 7.1). 

C. Reciprocals of the matrix J.” The matrix J always has at least one 
bounded reciprocal. However, while for real 6, the limit-point case is charac- 
terized by the fact that there is just one bounded reciprocal, there may be 
infinitely many for complex b,. Therefore, we introduce a more restrictive 
boundedness condition (E-boundedness)° and obtain an analogous characteriza- 
tion, for the limit-point case (§6). 

D. Asymptotic representation. The nest of circles yields a necessary and 
sufficient condition for an arbitrary function f(z) to be asymptotically equal 
(Definition 8.1) to the continued fraction (§8). 


3 These circles have been applied for the case of real b, by Hellinger [6]. Earlier applica- 
tions in related problems were made by Wey] [18] and Hamburger [5]. Cf. also R. Nevan- 
linna [12], H. Wey] [19], and Paydon-Wall [13]. 

4 The use of this idea which extends our original theorem and simplifies the proof was 
kindly suggested to us by the referee. Cf. further footnote 15. 

5 This theory has been given for the case of real ay , bp by Hellinger [6]; ef. also Beth [I]. 

6 This amounts only to introducing weight factors in the sum of squares of the variables 
in the usual definition of boundedness. This has often been done ever since the start of the 
theory (ef. e.g. [9], §12). For problems somewhat related to our problem one will find an 
analogous change of the condition of convergence (boundedness) in Weyl [19], in the 
space of infinitely many variables as well as in the space of functions. 
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E. Stieltjes integral representation. If for ¥(z) > 0 the values of an analytic 
function f(z) lie in the circle K,(z) for every n, then f(z) has an integral repre- 
sentation of the form (1.2) with range of integration in general extended over 
the entire real axis, ¢(u) being still a real nondecreasing function. Unlike the 
case where the b, are real, the moments 


+00 
| u’do(u), p=0,1,2,-:-, 
— 00 
do not necessarily exist in the general case (§8). 
PART I 
CONTINUED FRACTIONS AND LINEAR TRANSFORMATIONS IN ONE VARIABLE 
2. The nest of circles 


A continued fraction 


Ci C2 C3 


(2.1) d; — dz — d3 — °°" 


may be regarded as an “‘infinite product”’ of the linear fractional transformations 
tn(w) = Cr/(dn — w), n=1,2,3,---. 

The case where these transformations carry some circular region H into all or a 
part of itself 

(2.2) tn(H) CH 

is of particular interest. For if in this case we put ff: --- t.(H) = H,,n = 1, 
2,3,---, then H DH, D> H, D H;> --- , and we are therefore in possession 
of important facts concerning the values of the “generalized approximants” 


tits --- t,(w) of (2.1) when the parameter w lies in H. 
We shall be concerned with the sequence of transformations 


= 
(2.3) t,(w) - nee ’ ” = 1, 2, 3, on 
an bn — Ww 
where a = 1, a, a2, ++ are positive real numbers, and b; , bz, bs, -- + are complex 
numbers 
(2.4) bn = R(bn) + 7¥(bn) 


with nonnegative imaginary part 
(2.5) Sn) = Br 2 O 


If H is the lower half-plane, $(w) < 0, then under these conditions the trans- 
formation t = f,(w) from (2.3) satisfies the condition (2.2) because a, 1a," is 
real and positive and $(a;,'b,) = 0. 


n= 1,2,3,-°-. 
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The continued fraction generated by these transformations is 
—l —1 —1 
ay a A2 a2 a3 
= a ae ae le. 
a; by az be az bs 


(2.6) 


The notation has been chosen in such a way as to simplify and lend symmetry 
to the formulas which will be employed. The continued fraction is of course 
equivalent to 


bi — bo — bs — °° 


We may write if: --- t,(w) in the form 


— or ued An nd An-1W 
(2.7) t= tit t,(w) = peony ape 


The A,, B, are independent of w and satisfy the recurrence formulas 


n=1,2,3,-°-. 


On41A n41 = bn4i1A eo Ghats 
(2.8) n=0,1,2,---, 

OnatBn4i = bn4iBn = OnBr-1, 
where 
(2.9) iw = —l, Bi.= 0, Ao => 0, By = :.. Ay = ai, B, = ab). 
The determinant of the transformation (2.7) may be readily shown to be given 
by 


(2.10) A.B — A4.1B,.=4,, "= 1,2,3,---. 
The inverse transformation is 

— gl ,-l ~) ial An os, B,2 
(2.11) w= ty tat ty (t) = F aay —— a 


The quotient A,/B, is the n-th approximant of the continued fraction (2.6). 
By (2.7) we have: A,»/B, = tile «++ tn(O) = tite +++ tnii(%). 


From the second recursion formula (2.8) we get 
€,BrBa- = bn | Bna|* — Qn1Br-2Br, n=1,2,3,---, 
or if we put 
(2.12) qn = 3(B,B,-1), 2 = 1,2,3,---, 
and consider only the imaginary part, we find 
Qngn = Bn| Bnal’ + nia, = 1,2,3,---, 
and therefore, using (2.9), 


(2.13) AnQn = > By | Bp-a ? n= 1,2,3,°°-. 
= 
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If we recall that By = 1 and that 6, = 0 and if we assume in addition that 
(2.14) S(b1) = Bi > 0, 


we can conclude that gq, > 0. Therefore, (2.12) shows that B, ¥ 0. 

Next we determine the region H,, into which the lower half-plane S(w) < 0 
is carried by one of the transformations (2.7). Since B, # 0, B,1 ¥ 0, this 
transformation maps the real w-axis into a proper circle K,, of the é-plane which 
bounds H,,. Inasmuch as it maps the point w = B,/B,_; intot = © and the 
center ¢ = C,, of K, can be produced by inversion of t = ~ in K,, then C,, must 
correspond under this transformation to the reflection @ = B,/B,. of w = 
B,,/Bn-1 in the real w-axis: 

: , 7 — <18— B,, 
(2.15) C, «= Bees ~ 4408 
B,, Bont a B...3 B,, 

Since hf: --- ¢,(0) = A,/B, lies upon K,, we then find that the radius of K,, is 
he 

se eh a igiaee. 
B,, 2n Qn 
In particular, the circle A, has the center C; = —72/2@; and the radius 7, = 1/2q 
= 1/26,, and therefore is tangent to the real axis from below at the origin. 
Since we have proved H, D H. D H; D --- we conclude that for all points of 
these domains 


(2.16) n, = 


(2.17) ~-lsegw) so, |wisi. 
By Bi 
We have to distinguish two cases: 
Case I. The limit-point case. The circular regions H, have one and only 
one point f in common; the radius r, of the circle K, has the limit 0 forn = ~; 
the infinite series 


(2.18) p> By | Bpal’ 


diverges. 
Case II. The limit-circle case. The circular regions H,, have a circular region 
in common; the circle bounding this common circular region has radius 
r = limr, > 0; 
n=co 
the infinite series (2.18) converges. 
In Case I we have, uniformly for all w in H: 
lim ifs --+ tn(w) = f. 
n= 
Inasmuch as w = 0 is in H it follows that lim,-.(A,/B,) = f. Therefore, since 
the denominators B,, are different from 0, the continued fraction (2.6) is con- 
vergent in this case, and its value is f. The continued fraction will be called 
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completely convergent’ in Case I. In Case II the continued fraction may con- 
verge or diverge; if it converges we shall say that it is simply convergent. 


3. Complete convergence 


We shall give two theorems which furnish sufficient conditions for the com- 
plete convergence of the continued fraction (2.6). 

THEOREM 3.1. Jf lim inf a, is finite, and ¥(b,) 2 k > 0,n = 1, 2, 3,---, 
where k is a positive constant, then the continued fraction (2.6) is completely 
convergent.” 

Proor. We prove the equivalent statement: If the series (2.18) converges 
and if 


(3.1) S(bp) _— Bp 2 t > 0, 
then lim a, = «. Indeed, from the convergence of (2.18) it follows that 
lim p-.8p | Bp |’ = 0, so that, on account of (3.1), lim,-.B,-1 = 0, and 
(3.2) lim $(B,B,-1) = 0. 
p=0 


On the other hand, we conclude from (2.13) and (3.1) that 
dn 3(Br Bn-1), = a Bp | By-1 |? = k | Bo |? — k > 0, 
oon 


which, with (3.2), gives lim,..@, = ©. 
The second theorem concerns the continued fraction 


1 1 1 
(3.3) b; _— bo al bs it sae Ce 
which is obtained by letting a, = 1, n = 1, 2,3, ---, in (2.6). Asa matter of 


fact, this is no essential specialization. We note first of all that (3.3) necessarily 
diverges if all the b, with odd subscripts vanish. For in this case B, = B; 
= B; = --- = 0. Suppose that b; = bs = bs = --+ = don = 0, Dongi ¥ 0. 
Then, inasmuch as 


tite +++ tonyi(w) = —be — by — +++ — don + — — 
an+1 — W 
it is clear that (3.3) is equivalent to a continued fraction of the same form but 
with the term (—b. — by — --- — be,) added on, and with the first partial 
denominator different from 0. 

THEOREM 3.2. Suppose that b; ¥ 0, | R(bp)| S kX(bp), p = 1, 2, 3,---, 
where k is a positive constant, so that ¥(b,) = 8B: > 0. Then the continued fraction 


7 For real w this notion has been introduced by Hamburger [5]. 
8 See Hellinger [6] for the case where %(b,,) is independent of n. 
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(3.3) is completely convergent if the series >, | b,| diverges, and is divergent if 
this series converges.” 

Proor. If ))| b, | diverges, then the inequality |b, | < (1 +k)8,, Bp = (bp), 
shows that >-8> diverges. Since B, ¥ 0, p = 0, 1, 2, --- , we conclude from 
(2.8) that 





| By | _ |beBra — Bra) < 1 4 |boBoa 
By-2| | By-2 | | By-2 | 
| bp |-| Bos ’ (1 + k)6, | Bp-|° 
mp oll Beal 2 4 
| By-1 By» | Yp- 


Therefore, since by (2.13) {q,} is a monotone nondecreasing sequence and 
= By > 0: 


| By | (1+ k) (1 + k) 
B 


i< Sl le. - < \ = 
f= B, (qp Yp-1) Ss1l+ (Yp Yp-2), 





p = 2,3,4,°°-, 
So that 
|Bp| S | By-2|e* @p — dp-2) S coe”, 
where ¢; , C2 are positive constants. Now| B,B,-1| 2 dp > 61, so that 


Bi “ 
| Bp | - |B | = ce aks: 
Pp 
; — : 2 - . 
c; being a positive constant, or 8, | Bp-1 |” e'” = c38,. Summing over p from 
1 to n we get 
n n 
9 9 2 
p> By|Fpale'? 2 ¢3 a Bo ; 
ia aes 


or, since gp = Qp-1: 


qn erm an eran > By | Bp-1 2 > c z. Bp. 
on 
Inasmuch as wh diverges, we conclude that lim,-.g,. = ™, and therefore 
Case I holds. ; 
If >0| b, | converges the continued fraction diverges by a well-known theorem 
(cf., e.g. Perron [14] p. 235). 





4. Theorem of invariability 
We consider now the continued fraction obtained from (2.6) by replacing 
b, by bh + z, p = 1, 2, 3, --- , namely: 
ai" a a2" d,s" 


(4.1) ek, eC. eC 
azy'(bi + 2) — az'(be + 2) — a3 (bs +z) — *°° 





* This theorem, except for the notion of complete convergence, has been given first by 
Van Vleck [17], p. 229, Theorem 6. 
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We keep the conditions 


(4.2) an > 0, $(b.) = Bn = O, n=1,2,3,---, 
and drop the condition $(b:) = 6: > 0. If we suppose that 
(4.3) 3@) =y>0 


then the preceding theory will hold for (4.1) because $(b; + z) = 6. + y = y>0. 
We shall use the notation of §2 except that dependence upon z will be indicated 
in the customary manner. In particular, the denominators will be denoted by 
B,(z); they satisfy the recursion formulas (2.8) which now read 


(4.4) —4nBy1(z) + (bn41 + 2)B,(z) atid On41Bn41(2) = 0, 


This is a system of infinitely many linear equations in Bo(z), Bi(z), Bo(z), --- 
with the following matrix of coefficients: 


n=0,1,2,---. 


A+, th, 0, 0, 

_ bo +z — As 0 

4.5 J = ‘eee? er a 
( ) 0, — ie, bs + Zz, — a3, 


0, 0 ; ies by a zy 
Matrices of this form in which the coefficients a, ~ 0 have been considered in 
the theory of infinite matrices under the name of J-matrices [8]. Since the 
theory of these matrices is equivalent to the theory of the continued fractions 
(4.1) it is appropriate to call these continued fractions J-fractions. 

The J-fraction (4.1) is completely convergent for y > 0 if and only if the series 


io) 


(4.6) >> (8, + y)| Bp-s(z) |’, where z = x + iy and B, = X(b,), 


p=1 
diverges. When (4.6) diverges, then the radius r,(z) of the circle K,(z) tends 
to 0 as n tends to ~. The J-fraction is then convergent for this value of z, 
and its value is f(z), the point common to all the circles K,(z). We shall prove 
that if the series (4.6) diverges for one value of z = x + zy, where y > 0, then 
it diverges for all such values of z. This will be accomplished by obtaining a 
condition for complete convergence which is independent of z, namely: 
THEOREM 4.1. The J-fraction (4.1) is completely convergent for X(z) > 0 af 
and only if at least one of the two infinite series 





(4.7) X (1 + 6,)| Bps(0) | 
or : 
(4.8) XL (1 + B,)| Aps(0) |? 


. ° 10 
is divergent. 





10 See Hamburger [5] for the case b, real. 
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It is easily seen that the series (4.6) and the series 


oc 


(4.9) 2D, (Bp + y)| Arale) | 
poms 
converge or diverge together for y > 0. In fact, the ratio of corresponding 
terms is | A,(z)/B,(z) |’, and there is the inequality 
| | 
1 < | A>(z) | < 1 


(4.10) ib: + 2| + (a/y) =| B,(z)| = 9” 


The second part of the inequality is contained in (2.17). The first part follows 
then from the remark that ai7(b, + z — [B,(z)/A,(z)]) is an approximant of 
another J-fraction obtained from (4.1) by advancing all indices by unity. 

The determinant formula (2.10) shows that the polynomials A,(z), B,(z) do 
not vanish simultaneously. Therefore we conclude from (4.10) that neither 
vanishes in the upper half-plane y > 0. Now if 2 is a zero of one of these poly- 
nomials and if y = 0, the length of the vector zy — z; must increase as y increases. 
The same is true of any product of lengths of such vectors. Hence it follows 
that | A,(O) | < | An(zy) |, | B.(O) | < | B.(y)| if y > O. From these con- 
siderations we conclude that if at least one of the series (4.7), (4.8) diverges then 
the series >» %-1(8> + y) | Bp-(iy) |’, ice. the series (4.6) for z = zy, diverges for 
y > 0. 

It remains to be shown that the series (4.6) diverges for any 2 = 2 + iyo 
with y > 0. To do this, we show that any two points L,, L2 which are inside 
of every circle K,,(z), m = 1, 2, 3, ---, are identical. In fact, we may select 
two sequences {u,} and {v,} lying in the lower half-plane such that 

A, (20) — Un An-1(20) 


lim tf, ---> t,(Z0; u,) = lim ——————.. = hh, 
aoe xis ( sa ) ah B, (Zo) — Be Bn-i(2) ; 


. . _—s - An(Zo) — Un An-1(20) _. 
tt oe 


Let G be any bounded closed connected region in the upper half-plane y > 0 
which contains on its interior the point 2) and a portion of the positive half of 
the imaginary axis. The two sequences of rational functions of z, 


y > 0. 





I>. 


(4.11) {tite +++ tn(Z; Un)}, {tite +++ tn(Z} Un)} 


are uniformly bounded over G. Hence we may select two subsequences, one 
from each, which are uniformly convergent over G to analytic limit-functions 
f(z) and fo(z), respectively. Inasmuch as, for the pure imaginary points of G, 
lim r,(ty) = 0 so that fi(iy) = fe(iy), it follows that fi(z) = fo(z) for all z in G. 
Therefore L; = Le and consequently (4.6) diverges if 3(z) = y > 0. 

We now suppose that both the series (4.7) and (4.8) converge, and shall prove 
that (4.6) converges for all values of z. The plan of the proof is as follows. 
We shall assign to wu, and v, in (4.11) particular values in the lower half-plane in 
such a way that the sequences (4.11) will converge to limit-functions fi(z) and 
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f(z) where fi(z) — fo(z) is nowhere zero. This will of course imply that (4.6) 
converges for 3(z) > 0. On account of the fact that none of the zeros of B,(2) 
are in the upper half-plane, we conclude by similar considerations as used before 
that (4.6) converges for all z. 

On referring to (2.13) we recall that if y = 0, then $(B,Bn1) = 0. Conse. 
quently, $(B,B,1) < 0. Similarly, §(A,A,n1) S$ 0. Hence two sequences of 
constants lying in the lower half-plane are: 








A,(0 B,(0 
ins ramet n= Fat = 1, 2,3, --- 
These we shall use in forming the sequences (4.11). Put 
(i) P, (2) = n(An(z)An1(0) — Ans(z)An(0)), 
(4.12) ) Qn(z) = an(Br(2)Ana() — Bn«(z)A,(0)), 
- Unle) = an(An(2)Bn(0) — Anale)B,(0)), 
— Val2) = an(Bn(2)B,s(0) — Bns(2)B,(0)), 


and (4.11) are then the sequences {P,(z)/Qn(z)}, {Un(z)/Vn(z)}, respectively. 
Inasmuch as the numbers wu, and v, lie in the lower half-plane, P,,(z)/Qn(z) and 
U,.(z)/Vn(z) must lie in the circle K,(z). In view of the preceding remarks, the 
proof of Theorem 4.1 will be complete when we have proved the following 
theorem. 

THEOREM 4.2. If the series (4.7) and (4.8) both converge, then there exist four 
entire functions p(z), q(z), u(z), v(z) such that 


(4.13) p(z)v(z) — u(z)q(z) = 1, 
and such that 


lim P,(z) = p(z), lim Q,(z) = q(z), 


(4.14) ae ona 
lim U,(z) = u(z), lim V,(z) = v(2), 


uniformly over every bounded region of the z-plane. 

Proor." From the determinant formula (2.10) we find by (4.12) that 
P,(z)V (2) — Un(z)Qn(z) = 1, so that (4.13) will follow from (4.14). In the 
proof of (4.14) we shall use for the sake of brevity the notations: 

An(z) = (2 + 2iBn41)A,(0)" 
Un(Z) = (z + 278 n+41)B, (0) 


vn(z) = (2 + 27B,41)A,(0)B, (0). 


11 The essential idea of the proof is contained in several earlier investigations on con- 
tinued fractions; ef., for instance, O. Perron [14], p. 235. 
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Since the series (4.7) and (4.8) converge and since 8,4; 2 0 it follows that the 
series 


Dd Anz), Domp(z), LD v2), 


and also the infinite product 


II (1 — »,(z)) 
converge absolutely and uniformly over any bounded closed region G of the 
zplane. Moreover, there exists an N depending only upon G such that 
N+n 


riz) = [] (1 — »,(z)) ¥ 0, n=0,1,2,---, zinG. 


p=N 
On eliminating A,4:(z), An(z), An-i(z) from the recurrence formula (ef. (2.8)) 
Anyi A n41(Z) = (Bn41 + z)An(z) - a,A n—-1(Z), 


and the equations (i) (written for n and n + 1) and (iii) of (4.12), we get a 
linear relation among P,,4;:(z), Un(z) and P,(z). Analogously we get all the 
following four identities 


(i) Prsi(2) = An(Z)Un(2) + (1 — rn(Z))Pal2), 


hie (ii) Qnai(2) = An(2)Vn(z) + (1 — n(2z))Qn(2), 
(iii) (1 — va(z))Unsi(z) = —un(2)Prsi(z) + Unl2), 


(iv) (1 — vn(Z))Vngi(z) = —unl2)Qnii(z) + Va(Z). 
If in (i) and (iii) we replace n by N + n where N is the index introduced 
before, and if we use the notation 


P*(z) a Pwn(Z) 


————— U*(z) -_ Tn-1(2) Unin(Z), 
Tn—1(2Z) 


Awan(2Z) 
sie) = eel 
( ) Tn—1(Z) Tn(2Z) 
these relations become 
Pryi(z) = bn(z)Un(2) + Pre), 


Urai(z) = en(z)Pras(z) + Ur(2), 


By the remark at the beginning, the series Zz. b*(z) and } c*(z) converge 
absolutely and uniformly over G, and hence there exists a finite number M, 
such that, for all z in G: 


cx(2) = —pnin(2)n—1(Z)an(2), 


(4.16) n=1,2,3,---. 


te) 


I] (1 + | b3(2) |) < Mm, I (1 + | c3(z)|) < M,. 


Now, if | Ut (z) | s M2, | PY (z) | < Mz over G, we have by (4.16): 
|Pr(z)| Ss |or(z)|-|Ur@)|+|/Pi@|s a+ lor@|)M, 
U2(2)| < la) |-|P2@)|+|0%@|s a +lor@)a + la 


= 
= 





)M2. 
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Continuing this procedure we find 
| Pr(z)| < M, | Ur@) | < M, n= 1,2,3,---,zinG, 


where M = M.M}. 
Furthermore, by (4.16) we have P* (2) = PY (z) + pe b> (z) U;(z) and 
therefore 


lim Pysnii(z) = lim m,(2)P*41(z) = flim z,(z)] | Pre) + > bs Us |, 

n=00 n=00 . n=00 p= 
uniformly over G. This establishes the first limit in (4.14); the proof of the other 
limits can be made in the same way. 

We have thus established in Theorem 4.1 a condition for the complete con- 
vergence of the J-fraction which does not depend upon z. This means, in fact, 
that when at least one of the constant term series (4.7) and (4.8) diverges, then 
the J-fraction (4.1) converges if 3(z) > 0. Since the sequence of approximants 
is uniformly bounded for 3(z) 2 k > 0, the convergence is uniform over any 
finite region in this domain. We therefore have the following result. 

THEOREM 4.3. If at least one of the series (4.7), (4.8) diverges, the J-fraction 
(4.1) converges and represents an analytic function of z for $(z) > 0. 

We have also obtained in Theorem 4.2 the means which will enable us in the 
next section to answer completely the questions of convergence of the J-fraction 
and nature of the limit-function when both the series (4.7), (4.8) converge, 


5. Simple convergence 


On eliminating A,_:(z) from (i) and (iii) of (4.12) and B,_:(z) from (ii) and 
(iv), we now obtain the formula 


A, (2) ae P,,(z) — Sn U,(z) 
B,(z) = Qn(z) — 8nV2(z2)’ 


where s, = A,(0)/B,(0). When the series (4.7) and (4.8) both converge and 
limn—« Sn = $ is finite, then the numerator and denominator converge to p(z) — su(z) 
and g(z) — sv(z), respectively. Since by (4.13) these two functions cannot 
vanish simultaneously, and g(z) — sv(z) is not identically 0, being different from 
0 for S(z) > 0, we conc'ude that the J-fraction converges to the quotient 
[p(z) — su(z)]/[q(z) — sv(z)], which is a meromorphic function of z. The con- 
vergence is uniform in any closed bounded region containing no poles of the 
limit function. Similarly, if lim,—. 8s, = ©, we conclude that the J-fraction 
converges in like manner to the meromorphic function u(z)/v(z). If the se- 
quence {s,} has more than one limit-point (one of which may be ~ ) it is easily 
seen with the aid of (4.13) that the J-fraction (4.1) is divergent for all values of z. 
These statements contain the following theorem. 

THEOREM 5.1. In case both the series (4.7) and (4.8) converge, then the conver- 
gence of the J-fraction (4.1) or of its reciprocal for a single value of z implies the 
convergence of the J-fraction or its reciprocal for any value of z. The value of the 
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J-fraction 1s a meromorphic function of z, namely, in terms of the entire functions 
of (4.14), 


p(z) — su(z) .. ,. An(0) ; ; 
< - tf lm —— =8 8 fintte; 
gz) — eve) 7 92s B,(0) 

as) . «.. BAe) 

—— if lm —— =0 

“ * Siw 


The J-fraction is not completely convergent in this case. 


PART I 


CONTINUED FRACTIONS AND LINEAR TRANSFORMATIONS IN INFINITELY 
Many VARIABLES 


6. /J-matrices 


In contrast with the preceding theory there is another theory in which the 
continued fraction appears in connection with a single linear transformation 
in infinitely many variables, namely: 

(b: + z)a1 — Ay 2X2 =, 
6.1) — 2%; + (be + z)a2 — A2X3 = Yo, 
— At. + (bs + z)a3 — 3% = ¥3, 


eee e ee eee eee e eee eee eens 


which carries the point x = (71 , 2,73, --+) into the point y = (y1, y2, ys, -**)" 
The matrix of this transformation is the J-matrix (4.5). For the present we 
allow the coefficients to be arbitrary complex numbers, the a, being of course 
different from 0. If y: = 1, y, = 0,n > 1, the equations (6.1) may be written as 
] Xo a M a2 
a2) 2 .—— ree - = ——__ ; < Penenenaer soo 
kde So * §.44-2- " &4+O= 
Vy V2 v3 

and consequently x; is formally equal to the J-fraction: 

1 ai a> 
ktst~-&+s-$8~— * 


If the y, are arbitrary, one could try to express a solution of (6.1) in the form 


(6.3) 


(6.4) Lp = i Pra Ya» p= 1,2,3,°°:. 

q=1 
Here, pi: would be formally equal to the J-fraction (6.3). A matrix (p,,) with 
this property is called a right reciprocal of the J-matrix (4.5). On substituting 
(6.4) into (6.1) we find the relations 


(6.5) —Ap—1Pp—1,q + (bp + Z)Pp.q — ApPptisa = Sp.¢ » p,q = 1,2,3,°---, 








116 E. D. HELLINGER AND H. S. WALL 


where 4 is to be set equal to 0, and 64,,, is equal to 0 or 1 according as p ¥ g 
orp =q. Since a, ~ 0, p = 1, 2, 3, --- , it follows that, for a fixed g, if p,,, 
is chosen arbitrarily, then p,,,, p = 2, 3, 4,---, are uniquely determined. 
Therefore, there are infinitely many different right reciprocals. 

An essential relationship to the J-fraction can be expected only for those 
reciprocals which belong to certain restricted classes. The most ‘mportant class 
is given by the following definition: 

DEFINITION 6.1. The matrix (kp,) and the bilinear form in infinitely many 
variables 

K(é, n) = Zz Kg én 04 
p.q=l 


is said to be bounded if there exists a fixed number M such that for all values of the 


£, and n, and for all integers n 
i 1/2 n . 1/2 
‘) (x | na | ) ° 
q=1 


Zz Kg Ep 04 | = u(d | Ep 
| pg=l p=1 
The explicit formulas for the p,,, in terms of the arbitrary p;,, and the poly- 
nomials B,(z) and A,(z) are: 
Pi,q Byp-i(2), ?.= 1, 2, 3, Se-¢ a 
(6.7) Pog = Pi,q Bp-i(2) + A q-1(z)By_i(z) = A ,-1(2)By_1(2), 
[ p=qtl1qt+2,°-::- 


This may be readily verified by comparing the recurrence formulas for the A ,(z) 
and B,(z) with (6.5). 
If one introduces new arbitrary functions w,(z) by means of the equations 


Pl,g = B,-1(z)w,(z) sande A,-1(2), ¢ = i, 2, 3, acasy 


then the formulas (6.7) take the form 


| By-1(z) By-r(z) (we) _ 
(6.8) Pp.a(Z) = { 








(6.6) 


A q—1(Z) 


—" y ’ oe oe } 
Be) ' ' 


A ,-1(z) 
Bp s@Bsle)(wf2) - 55), Peat hata. 
From (6.8) one sees immediately that the matrix (,,) is symmetric if and 
only if w, = w2 = ws = --- ; i.e. if and only if” 
Pn+1,q/Pn.q = Un, n24q; 


where v, is independent of g, (q¢, = 1, 2,3, ---). 





12 For the theory of bounded matrices see, for instance, Hellinger-Toeplitz [9], [10]. 
Cf. also H. T. Davis [3]. 

13 See Hellinger [6]. Following the procedure which Wey] [18] had applied to boundary 
value problems of ordinary differential equations, Hellinger used a real parameter ¢ and 
considered for q = 1 the equation pnsi.g = tpn.g aS a boundary condition. Beth [1] did the 
same for q > 1. 
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We shall suppose now, as in Part I, that the a, are real and positive and that the 
b, satisfy the condition X(b,) = 0, p = 1, 2,3, ---. The next theorem gives a 
necessary and sufficient condition for the general right reciprocal of J to be 
bounded in the limit-circle case (ef. §2). 

THEOREM 6.1. The right reciprocal (6.7) is bounded in the limit-circle case if 
and only if the series 


(6.9) > I pre? 


is convergent. 

Proor. The necessity of the condition follows from the fact that in a bounded 
matrix the moduli of the elements of any row have a convergent sum of squares. 
If we recall that in the limit-circle case the series 


(6.10) 2 | Ap-s(z) |*, > | By-s(z) |’ 


converge for all values of z, then we find from (6.7) that the convergence of 


(6.9) implies the convergence of the double series >, | pp.o(2) |°. Consequently, 
p.q=l 


the matrix (p,,,) is not only bounded but is even completely continuous. We 
therefore have 

Corouuiary 6.1. In the limit-circle case, any right reciprocal (6.7) which is 
bounded is also completely continuous. 

It is possible for the series (6.10) to converge also in the limit-point case. 
Then there will be infinitely many bounded reciprocals. However, we can 
modify the condition of boundedness so that it is satisfied by only one such 
reciprocal. Definition 6.1 introduces an upper bound M for the values of the 
forms in (6.6), for nm = 1, 2, 3,---, as the variables run over the 


spheres > |¢ |? < 1. Analogously, we can consider an upper bound as the 
b— 


variables run over the ellipsoids >> | £, |?(1 + Bp) < 1, and accordingly we 
p=1 


make the following definition: 
DEFINITION 6.2. The matrix (py,) will be said to be E-bounded if there exists 
a fixed number M such that for all values &, , nq , and for all integers n: 


| n n | |? a n | ng P ) i 

This is equivalent to saying that the matrix ((1 + B,)'?(1 + B)"ppo) is 
bounded in the sense of Definition 6.1, and hence the theorems about bounded 
matrices can be extended immediately to E-bounded matrices. 

THEOREM 6.2. In the limit-point case, let f(z) be the analytic function whose 
value for every z with ¥(z) > 0 is common to all the circles K,(z). Then the formula 
(6.8) with w,(z) = f(z), q = 1, 2,3, --- , gives the unique E-bounded right reciprocal, 
which is simultaneously the unique left reciprocal. 
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Proor. We show first that if w,(z) = f(z) for all g and for ¥(z) > 0, then the 
matrix (pp,) is H-bounded. If we suppose only wi(z) = we(z) = --- = w,(2), 
where n is a fixed index, then from (6.8) it follows that 


. A,(z) — wi(z)B,(z) 

an 82. >... = 1,2,3,°--,n. 
Pua Anal@) — rilz)Brae)’ 4 " 

Hence, the quotient pn+1,c/Pn,q = Un is independent of q: 

(6.13) Pn+1,q = UnPn,a » = 1, 2, 3, vee yn. 


If we identify (6.12) with (2.11), we conclude at once that S(v,) S< O if and 
only if w:(z) has its value in the circle K,,(z). 

Let & , &,---, &, be arbitrary real numbers. On multiplying both members 
of (6.13) by &, and summing over q from 1 to n we then have: 


Ynti = UnYn, Yp = > Pog &q - 
ome 
Therefore Yn41Jn = Un | Yn |’ and consequently 
(6.14) SYntiGn) SO 


if w:(z) isin K,(2). 
We now multiply the equation (6.5) by & and sum over g from 1 ton. This 
gives the equation 
(6.15) Lp(y) = —apaypa + (bp + 2)Yp — GpYps1 = fp, 
p = 1, 2,3,---, a = 0. 


Now, one has immediately the identity” 
X (Gp L(y) — yrLp(y)) = 2 (x (Bp + 3(z))| yw |? — tn 3(Ynss)) 
p= p= 


and by (6.15) we get 


n 


(6.16) An ¥(Yns1 Gn) = De (Bp + S(z))| yr |? + a Ep B(yp)- 


p=1 


Considering now the quadratic form 


R,AE, £) a 2d Poatpta = a Yop, 


P.q= 





14 This identity is analogous to one of the so-called ‘“‘Green’s formulas”’ in the theory of 
differential equations. It may be emphasized that if we regard py = w as a complex var- 
iable, then (6.16) along with (6.14) gives the inequality defining our nest of circular regions. 
This is the method which was used by Wey] [18] for differential equations, and by Hellinger 
[6] and Beth [1] for real J-fractions. The method has been used also for other problems, 
ef., for instance, Wey] [19]. 
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we have by Schwarz’s inequality 


oe 
| R(é, €) |? S Yaw by Or + MD vol 


and, using (6.16) and (6.14): 


| RE, £) |? S > __§p “PZ (- > ES (Yp ) . 


p=1 Bp + S(z) p=1 
Inasmuch as —)yr-1ép¥(yp) = —3(R,(E, £)) S | Ralé, &)|, we have: 
RE, €) | S Dip-1 E>/(Bp + S(2)), or 
| n | n f n gs 
lee ae oe ere 


for a suitably chosen M, depending only upon the domain of z._ For the related 
bilinear form we therefore have 


| RCE, o)| = 32/RilE+7,& +) — RlE—1,& — 2)| 


(6.18) ely Gt 
=2 » B, + 3) 


It follows that if f(z) is the value common to all the circles K,,(z), i.e. the value 
lim (A,(z)/B,(z)) of the J-fraction, and if every w,(z) = f(z), then the matrix 
(pp,) is E-bounded. 

It remains to be seen that any other reciprocal given by (6.8) is not E-bounded 
in the limit-point case. In fact, for any other reciprocal there is at least one. 
zand integers g and N 2 q such that 


wz) — aie | 2d>0 for p2N. 
B,- 1(z )| 

Hence we see immediately by the second equation (6.8) that >>, (1 + 8») - 
(1 + By) | Pp | diverges inasmuch as >_, (1 + 8,) | Bp-s(z) |? diverges. This: 
implies that the matrix ((1 + 8,)"?(1 + B,)"p»,) is not bounded, i.e. the matrix 
(pp) is not E-bounded. 

From the inequality (6.18) we shall now derive some estimates for ppg = ppq(z) 
which will be useful later on. 

THEOREM 6.3. Let w,(z) = f(z), q = 1, 2, 3, ---,, in (6.8), where f(z) is 
m the circle K,(z) for ¥(z) > 0. Then 


1 1 
Se a ee 
(6.19) |pne(2) | 3 (y + Bp)?(y + Ba)? ~ y 
z=ar2t+y, y > 0, Pd SN; 
and 
6 (2) @ 
Pog2) = Ona +” , 
(6.20) ” zy 


1Q%ei &.1, eine aa te P,Q <n. 
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Proor. The inequality (6.19) is an immediate consequence of (6.18) if we 
specialize the variables such that one & = %(z) + Bp, one 7, = S(z) + B, 
and the other variables are 0. Now by (6.5): 





Poa 2) = “es 4 Bp Pp+1,9(2) — eee + Qp-1 Pp—t,q(2) y 
Applying (6.19) to this identity we obtain (6.20). 


7. A general theorem of invariability 


We have seen that the behavior of the J-fraction (4.1) is invariant in some 
respect under change in the particular value of z in the upper half-plane. This 


has been implied by the fact that if the series (4.6) converges for one z with 


S(z) > 0, it converges for all z. We now derive a more general theorem of 
invariability which covers entirely arbitrary J-fractions. The proof reveals in a 
certain way the inner structure of the theory. 

THEOREM 7.1. Let (4.1) be a J-fraction with entirely arbitrary coefficients 


a, ~Oandb,. Leta,,p = 1, 2,3, --- , be arbitrary real numbers not less than 1. 
Then, if the two series 
(7.1) > ay | Ap-a(z) : > ay | B,-s(z) |’ 

p= p= 


converge simultaneously for one value of z, they converge for every value of z. 

This obviously contains the theorem of invariability of §4. Moreover, it 
supplements the remark on the limi‘-point case after Corollary 6.1 in this way: 
If the series (6.10) both converge for one value of z, then there exist infinitely many 
bounded reciprocals for every value of z. 

Proor or THEOREM 7.1." Write, as in (6.15) but with a) now equal to 1, 


L(y) = —4p-1Yp-1 a (bp + Z2)Yp — Appi, P= l, 2, 3, > ® 5 a 1, 


and denote by Li (y) the same expression with z replaced by z*. The solution 
of the system L,(y) = 0 under the initial conditions y = —1, y. = 0 is yp = 
A»-1(z) = Ap-4, while under the initial conditions yo = 0, y: = 1 the solution 
isyp = Byi(z)= Bri. Ify;z, y> are arbitrary solutions of the systems L,(y) = 0 
and L*(y) = 0, respectively, then we obtain immediately the relation: 


D> (ys Lily) — yp Li(y*)) = yys — your 
p=1 


— ahGartPn ~ ¥en) +(e — 2) d YrYp = 0. 
Ss 





16 Cf. footnote 4. This proof uses the idea which Wey] [19] has applied in similar prob- 
lems, namely, to express the relationship between solutions for two different parameter 
values as a Volterra integral or sum equation. This procedure as well as the procedure used 
by Weyl [18] and Hellinger [6] may be embraced in a general set-up, if one uses an arbitrary 
one of the infinitely many reciprocals (6.7) of the J-matrix. Then, the different forms of the 
proof appear in specializing the reciprocal in different ways, for instance so that it becomes 
symmetrical (ppg = pep) or a Volterra form (pp, = 0 for p < q). 
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In particular, for yp = Ap. and yp = By1 we get 


0, 


yr — any An — ¥n+1As-r) + (z- 2") d yp Apa 
= 


yo — On(yx Ban — Ynui Bra) + (2 — 2”) dX y,> Bp. = 0, 
p= 


respectively. On multiplying the first of these equations by —B,_1 , the second 
by A,-1, and then adding, we get: 


n—1 
yn + (z* ~_ z) p> (Ap | ae ad A,-1Bp-1)> = yi Bn-1 = yo An-1 . 
p= 
Therefore, f, = Opp is a solution of the Volterra sum equation: 
p—1 
(7.2) b> + Li koata = Gp p= 1,2,3,--:, 
poe 


in which 
kpq = pa, (2* — 2)(A,B,. — A,B), Jp = apr(yi Bya = yoA pi). 


The proof of the theorem will be complete if we show that >> | ¢> |’ is convergent. 
From the convergence of the series (7.1) it follows at once that g, satisfies 
the condition: 


C* = p 3s | 9p I’ 
p=1 

is finite; and that, inasmuch as a, = 1, the double series > | kn |? converges, 
so that for r sufficiently large: 
(7.3) é- = >, Dy |koel? < 1. 

q=1 p=r 
We now multiply (7.2) by &, and sum over p from rtom,m>-r._ This gives, if 
we apply Schwarz’s inequality: 


m m 1/2 m m 
Sito sC-( Stok) + LL lbotote 


p=r q=l 
1/2 


(Sint) (c+ Zirl(X leet) ): 


and consequently, again using Schwarz’s inequality, 


m 1/2 
| Sp | 
pr 


or 


2 


m 1/2 r—1 1/2 m 1/2 
c+e(Sitet) scte(Gin’) +e(Llal) » 


q=1 


IIA 





me i" r—1 1/2 
(x | Sp ‘) (l1—¢)<SC+ «( sel) : 
p=r q= 


Hence, by (7.3), the series >> | ¢, |? converges, and the theorem is proved. 
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8. Asymptotic and integral expressions for the J-fraction 


We shall now consider a different approach to the problem of relating to the 
J-fraction the leading element pu (z) of a reciprocal of the J-matrix (4.5). We 
suppose still that the J-fraction satisfies the conditions (4.2), and shall use the 
ideas of §6, particularly Theorem 6.3, to obtain conditions under which the 
approximants A,(z)/B,(z) approximate to pu(z) in the asymptotic sense of the 
following definition. 

DEFINITION 8.1. Consider the domain 


S: asSargzSr-—a(0<a< 7/2), S(z) 26 >0, 


where a and 6 are arbitrary positive numbers. A function f(z) is said to be repre- 
sented asymptotically by the J-fraction (4.1) if 


(8.1) lim (io — ate) = Q, n= 1,2,3,-:-, 
as z approaches ~ in S. 

This is the same thing as to say that f(z) is represented asymptotically by the 
series expansion of the J-fraction into powers of 1/2. 

THEOREM 8.1. A function f(z) is represented asymptotically by the J-fraction 
(4.1) of and only af for every n there exists a number M,, such that the value of f(z) 
is in the circle K,(z) for gin S and X(z) > M,,.”* 

Proor. To prove that the condition is sufficient, let w,(z) = f(z), 
q = 1, 2, 3, ---, in (6.8), where f(z) is any function satisfying the condition 
of the theorem. Then, from (6.8) we have: 


2p yor A,(z) act Zz” poitp(2) ats = 
2 2 (R)— 555) = Robe)? PT RBI 


If then S(z) > Mp4: ,zin S, so that f(z) has its value in K,4:(z), it follows from 
the formula (6.19) that 


2p ~ oe A,(z) —_ H,(z) 
: (o so) = 3@ ’ 


where H7,(z) is bounded in S; hence (8.1) holds. 
We now suppose conversely that f(z) is represented asymptotically by the 
J-fraction, and form the expression: 


ont | (Anii(z) _ ( : a) 
‘ E25 fc) TO) ~ Bod 


By the determinant formula, this is equal to (a;a2 --- a,)° + Q/z, where Q is 
bounded in S. Hence we see that 
‘ 2n4 A (z)\ 2 
8.3 ] pe “< = Bice 1 d2°** An), 
(8.3) lim 2°*** (ye) — GE) = (ara ++ ay) 





16 For the case where the b, are real and f(z) is analytic, R. Nevanlinna [12] has proved the 
same theorem with the stronger formulation that M, = 0. 
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asztendsto © in S. Letv, be determined by the relation f(z) = hfe «++ tn(z; vn); 
and recall that f(z) is in the circle K,,(z) if and only if Y(v,) S 0. On substi- 
tuting this value of f(z) in (8.3) we obtain (cf. (2.7)): 


lim gent (5 — Un A,-1(2) = a) ° 2n+1 Un 


ve = @n By (2)[Ba(2) — tn Brae] 


B,(2) — vn Brar(z) Ba (2) 


z=00 


= (a,d2 °+* Gn)’. 
Thus, 


—__20n By(z)*[(Qide +++ an) + (z)) 
zt! + a, B,(z)Bn-i(z)[(Giae «++ Qn)? + €(z)]’ 





WV, = 


where e(z) approaches 0 as z approaches ~ in S. Therefore, since the coefficient 
of z” in B,(z) is (aya2 --- a,), 2v, converges to the positive limit a,. Con- 
sequently, there exists a number M, such that S(v,) S 0 and f(z) is in K,(z), 
if ¥(z) > M, and zis in S. 

Furthermore, Theorem 6.3 enables us to connect with the J-fractions “Stieltjes 
integrals” of the form (1.2) with range of integration extended over the whole 
real axis. Any funetion f(z) which, for $(z) > 0, is analytic and has its values 
in the circles K,,(z), m = 1, 2, 3, --- , will be called equivalent to the J-fraction. 
It is to be recalled that in the limit-point case, there is but one equivalent func- 
tion, namely the value of the J-fraction; while in the limit-circle case there are 
infinitely many. If in (6.8) we suppose that w,(z) = f(z), q = 1, 2, 3,---, 
then from (6.20) with p = q = 1 we obtain for any equivalent function the 
following estimate: 


(8.4) fe) = 14 9) where Igle)| SC if 3%) >0, 


z 23(¢)’ 
( being independent of z. From this we deduce the following general theorem: 
THEOREM 8.2. A function f(z) has a Stieltjes integral representation of the form 


© dou) 


” z2+u’ o(+2) —¢(—~) = 1, 


(8.5) fle) = | 
in which ¢(u) is real, bounded, and monotone nondecreasing, if f(z) satisfies all of 
the following three conditions for 3(z) > 0: 

(i) f(z) is analytic; (ii) S[f(z)] S 0; (iii) The estimate (8.4) holds.* 

Proor. Suppose that 0 < y < c, and consider the contour IT in the upper 
half of the z-plane consisting of: the straight line segment from A = —c’ + iy 
toB = ¢ + iy, the straight line segment from B to B’ = c’ + ic, the are of the 
circle with center at the origin through B’ to A’ = —c* + ic, and, finally, the 





* The condition (iii) is not necessary, as can be seen from the example ¢(u) = 0 for 
u< 1,¢(u) = 1— uw“) for u > 1. This shows simultaneously that not every integral of 
the form (8.5) is equivalent to a J-fraction. 
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straight line segment from A’ to A. Inasmuch as f(z) is analytic in the domain 


B 
interior to T we have, using (8.4), and evaluating explicitly | dz/z: 
x 


[ 9) dz = -|" 5 dz — [. 10) dz — [ f(z) dz 


= — mi + 2i are tan (y/c’) + * log =) 
where H and H, are bounded as ¢ tends to ~. Hence it follows that 

(8.6) lim [™ H0 + ty)dx = —mi, if y>O. 

Let f(x + ty) = v(x, y) — iw(z, y), where v(x, y) and w(x, y) are real functions; 
then by (ii) w(x, y) 2 O for y > 0. From (8.6) we conclude that 

(8.7) lim i wa, y) dx = m. 


c=e0 o- 


u 
Moreover, ¥(u, y) = [ w(x, y) dx is a monotone nondecreasing function of uw, 
0 


is bounded by (8.7), and 


A well-known theofem" states that there exists a bounded monotone non- 
decreasing function ¥(u) such that y(+0) — ¥y(—«) = 7, and a sequence 
Yi,» Y2, Ys, °** Of positive numbers approaching the limit 0 such that 
(8.9) lim Yu, yn) = V(u) 


at all points u where (wu) is continuous. 
If z is any point within I’, then Cauchy’s integral formula gives: 
1 s) ds 
POD x Sool 
2m Jr s—z 
Using (8.4) one may readily verify that for c — ~ this goes over into 


1 f°? f(u + iy) du 
(8.10 Zz = . . : —, 
) fle) 2Zat dao util —z 
where the integral is to be regarded in the sense of Cauchy’s principal value. 
Let z* be the point outside [ which is symmetrical to the point z with respect to 
the line segment AB. Then we must have: 
+00 a 

p= Lp Mut de 4 gt fut adu 

2mt Lo U + ty — 2* 2mi dwn U— ty — 2 





17 For the proof see, for instance, Perron [14], pp. 394-395. This theorem has been applied 
in almost all investigations on problems of the kind considered here. The idea goes back 
to Stieltjes, and was developed and extended by Hilbert as one of the most important tools 
in his theory of infinite quadratic forms. See Hilbert [11] (book), p. 113 and 116. 





Inasmuc 
equatior 


On letti 
finds by 


or, if we 
houndec 
Cauchy 
from th 


(8.11) 


where y 
integral 
and she 
over po 
constan 

That 


(8.12) 


do not 
fact. th: 

The | 
problen 
infinitel 


(8.13) 


where t 
By t 
only if 


(8.14) 


18 Sti 
19 Hai 





omain 


tions; 


of u, 


non- 
lence 


lue. 
t to 


lied 
yack 
ools 





CONTINUED FRACTIONS AND INFINITE MATRICES 125 


Inasmuch as u + ity — z = u — iy — 2* we then have, on subtracting the last 
equation from the equation (8.10) and then introducing the function y(u, y): 


 —w(u, y)du _ 1 [  duWus y) 
L_ 00 S dum 


u+twy—z o Z-uUu—wy 


] 

f(z) = — 

T 

On letting y approach 0 over the sequence y, for which (8.9) holds, one then 
finds by a well-known argument (see footnote 17): 


fle) = 1 [4 


o 2—-Uu’ 


or, if we define ¢(u) by ¢(u) = —(1/r)¥(—u), this becomes (8.5). Since ¢(u) is 
hounded and monotone, the integral converges absolutely (not merely as 
Cauchy’s principal value) and uniformly for z in any region at a positive distance 
from the real axis. The function ¢(u) is given at all points of continuity by 


oe 


(8.11) a-o(u) = lim { SMS(a + iy)] dz, 


where y approaches 0 over the sequence y, . Since f(z) is now expressed as an 
integral (8.5) the inversion process of Stieltjes gives ¢(u) in terms of f(z), 
and shows, simultaneously, that (8.11) holds no matter how y approaches 0 
over positive values. Thus ¢(u) is determined uniquely by f(z) to an additive 
constant at all points of continuity. 

That the integrals (‘“‘moments’’) 


(8.12) / u’dd(u), o=0,1,2,---, 


do not all exist when a single one of the b, is nonreal may be argued from the 
fact that they are real if they exist, and from a theorem of H. Hamburger.” 

The considerations of this section are closely connected with the ‘“‘moment 
problem”’: To determine a real bounded nondecreasing function ¢(u) taking on 
infinitely many different values and satisfying the infinite system of equations: 


(8.13) C,p = / udu), p=0,1,2,-:-, 


where the c, are given real numbers. 
By the theorem of Hamburger just cited, ¢(u) is a solution of (8.13) if and 
only if the function 


(8.14) f(z) = rie 


18 Stieltjes [15], Chapter VI. 
19 Hamburger [5], Part I, Theorem IX (p. 268 ff). 
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is represented asymptotically by the power series P(1/z) with the given numbers 
as coefficients: 


(8.15) fe) ~2-442-..., 
: °° # 

This is the same as saying that f(z) is represented asymptotically by the J-frae- 
tion (4.1) “associated” (ef. Perron [14], §61) with P(1/z). Hence, all the solu- 
tions of the moment problem are obtained by finding all functions f(z) of the 
form (8.14) asymptotically equal to the /J-fraction. By the theorem of Nevan- 
linna mentioned above and Theorem 8.2 these functions f(z) are just those 
functions “‘equivalent” to the J-fraction. In this way one arrives at the com- 
plete solution of the moment problem. 

It follows immediately that the moment problem is ‘determinate’ in the 
limit-point case, and “indeterminate”’ in the limit-circle case. 
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REMARKS ON TWO-LEAVED ORIENTABLE COVERING MANIFOLDS 
OF CLOSED MANIFOLDS 


By Tsal-HAN KIANG 


(Received October 5, 1942) 


1. In the present note the covering complexes considered are without branch 
point, and the covering manifolds are, in addition, of finite number of leaves. 
Our purpose is to establish the following two theorems. 

THEOREM 1. Any orientable covering manifol of a closed non-orientable n-mani- 
fold M is a covering manifold of the 2-leaved orientable covering manifold’ of M, 
and hence a covering manifold of M of even number of leaves. 

THEOREM 2. A necessary and sufficient condition for the existence of a sim- 
plicial topological self-mapping of a closed orientable n-manifold M, which is 
involutory, without fixed point and orientation-preserving (orientation-reversing),’ 
is that M be a 2-leaved covering manifold of a closed orientable (nonorientable) 
n-manifold M. 


2. Theorem 1 follows at once from the following two lemmas. 

Lemma 1. Let K be a connected n-complex and F its fundamental group. Sup- 
pose that G and H are two subgroups of F and that H is a subgroup of G. If K* 
and K** are the covering complexes of K, determined by G and H respectively,’ 
then K** is a covering complex of K*. 

Proor. From hypothesis the fundamental groups F* and F** of A* and K** 
are simply isomorphic to G and H respectively.* By virtue of the simple iso- 
morphism between F* and G, there is a definite subgroup of F*, which is simply 
isomorphic to F**. Let K be the covering complex of K*, determined by this 
subgroup of the fundamental group F* of K*. Then K is a covering complex 
of K.° Since the fundamental group of K is simply isomorphic to F** and 
therefore to H, and since a covering complex of K is uniquely determined by a 
subgroup of the fundamental group of K,* K and K** are not distinct.’ Hence 
K** is a covering complex of K*. 

Lemma 2. Let M be a covering manifold” of a closed n-manifold M with a 
cellular decomposition M, ,’ and M, the cellular decomposition of M derived from 





1 The topological terms will be defined as in Seifert-Threlfall, Lehrbuch der Topologie 
(1934). This book will be referred to hereafter as ST. 

2 Cf. ST, p. 272. 

3ST, p. 129. 

4ST, p. 193. 

5 Cf. K. Reidemeister, Linfiihrung in die Kombinatorische Topologie (1932), p. 125. 

SST, p. 194. 

7ST, pp. 182-183. 

8 A finite covering complex of a closed n-manifold is obviously a closed n-manifold. 

9ST, p. 341. 
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J f an edge-path U on M, at a vertex 0, is closed, then U and its closed ground- 
path U on M, at the ground-vertex O of O, are either both orientation-preserving" 
or both not.”* 

Proor. Let M, be the cellular decomposition of M dual to M,. Dual to 
the vertices and edges of the closed U, in the order as they appear alternately in 
U, there is on M, the closed sequence V of incident cells of dimensions n and 
a - 1: 


r n—1 r —1 —1 
V - Ly os CT - SPY: C? P 


where Cj is the dual of the vertex O. Let M;, denote the cellular decomposition 
of M derived from M, of M. Then M, is dual to M,, and the dual V on M, 
of U 

P= CrCs“Crer .-- Oren 
covers V in the sense that C? , C?~' covers C? ,C?’. Since the orientations of 
C; can be derived from those of C; , our lemma follows at once. 

Proor oF THEOREM 1. Let the n-complex in Lemma 1 be a closed non- 
orientable n-manifold M with a definite cellular decomposition. Its only 
2-leaved orientable covering manifold M* is determined by the subgroup G of 
index 2 of the fundamental group of 17, whose elements are the classes of homo- 
topically deformable closed orientation-preserving edge-paths of M at a vertex 
O°. A necessary and sufficient condition that a manifold be orientable is ob- 
viously that all the closed edge-paths on M at a vertex are orientation-preserving. 
Suppose that a covering manifold M** of M is orientable. From Lemma 2, 
its fundamental group is simply isomorphic to a subgroup of G. From Lemma 
1, it is a covering manifold of M*, and hence a covering manifold of 1 of even 
number of leaves. 

From Lemma 2 and the proof of our theorem, we have the following imme- 
diate consequences: 

CoroLuary 1. Any covering manifold of a closed orientable manifold is ori- 
entable. 

Coro.Luary 2. Let M be a closed nonorientable manifold and G the group of 
all classes of homotopically deformable closed orientation-preserving paths on M at 
a point O. A covering manifold of M, determined by a subgroup of H of the fun- 
damental group of M at O, is orientable when and only when H is a subgroup of G. 


3. Proor oF THEOREM 2. SuFFiIcIENcy. Suppose that M is a closed 
n-manifold, and that M a 2-leaved, and therefore regular, orientable covering 


manifold of M. The covering motion (Deckbewegung) f on M is a simplicial 





10ST, p. 189, p. 272. 
ST, p. 191. Notice that an orientation-preserving or orientation-reversing edge- 


path may have double points. rfl 
12 This lemma is tacitly used in ST, p. 272, in discussion of special M and M. 
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topological self-mapping of M, which is involutory and without fixed point. 
It remains to show, as follows, that f is orientation-preserving or orientation- 
reversing according as M is orientable or nonorientable. 

Let M., m,M., M, have the same meaning as in Lemma 2 and its proof, 
but let M, be simplicial. Suppose that M is determined by the subgroup H of 
the fundamental group F of M, with reference to a vertex O of M, as the initial 
point of closed edge-paths. Denote by 0, and O, the two covering vertices of 0, 
Take an arbitrary closed edge-path U on M, at O. Denote its covering path 
on M, at 0, by U. U begins at 0, and ends at Or. 

Now let the n-cell on M;, dual to O be C", and the n-cells on M, dual to 0; , 
i= 1,2,beC?. The continuation of orientation along U can be derived from 
that along that along U."* When is orientable (nonorientable), U is orien- 
tation-preserving (orientation-reserving). Hence the orientations of Ci derived 
from the same orientation (opposite orientations) of C” are coherent on M,. 
Since f maps Cy and Cy onto one another, and their orientations derived from 
the same orientation of C", f is orientation-preserving (orientation-reversing) 
on M. 

Necessity. Suppose that M is a closed orientable n-manifold on which 
there is a simplicial topological involutory self-mapping f without fixed point. 
Through identification of pairs of corresponding points on M under f, there 
results a space M. Since the mapping of M on M, defined by the identification, 
is continuous, M is connected. Since f is simplicial and topological in the small, 
M is a complex and a closed n-manifold respectively. Then obviously M 
fulfills the condition of being a 2-leaved covering manifold of M. 

Finally, by virtue of the result in the proof of sufficiency, M is orientable or 
nonorientable according as f is orientation-preserving or orientation-reversing. 

From the fact that the Euler-Poincaré characteristics of M is half that of M, 
and from the Poincaré duality theorem for orientable manifold, we have for 
n = 2m and for n = 2 and orientable M the following respectively: 

Coro.uary 3. If on a closed orientable (2m)-manifold there exists a simplicial 
topological involutory self-mapping without fixed point, the m*‘” Betti number of the 
manifold must be even. 

Coro.uary 4. On a closed orientable 2-manifold of even genus there is no 
simplicial topological orientation-preserving self-mapping, which is involutory 
and without fixed point.” 


Tue NaTIONAL UNIVERSITY OF PEKING 
AND ACADEMIA SINICA 





13 §T, p. 271. 
4 Cf. A Komatu, Uber die dreidimensionalen nichtorientierbaren Mannigfaltigkeiten, 
Satz 2, Proce. Phys.-Math. Soc. Japan, Vol. 18 (1936), pp. 135-141. 
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